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ARTICLE INFO ABSTRACT

Keywords: We explore the optical characteristics of the spacetime surrounding a quantum-corrected Kazakov-Solodukhin
Quantum-corrected black holes (KS) black hole, with particular attention to its shadow geometry, weak gravitational lensing behavior, and mag-
KS black hole

nification effects. Our analysis shows that the quantum correction parameter of the KS metric plays a central role
in determining these optical phenomena. An increase in this parameter leads to a larger photon sphere radius
and, consequently, an expansion in the apparent size of the black hole shadow. Moreover, the presence of a
plasma medium further enhances the shadow radius, with the plasma frequency exerting a noticeable influence
on the observed image. In the weak-field regime, we find that both the bending angle of light and the correspond-
ing magnification factors exhibit mild but systematic growth with increasing quantum correction parameter and
plasma frequency. Based on these dependencies, we derive indicative observational constraints on the quantum
correction parameter using measurable optical features of the system. Furthermore, by employing the gravita-
tional lens equation, we investigate the magnification of the source brightness and determine the Einstein angle
in a plasma environment .

Gravitational lensing
Black hole shadow
Plasma medium
Einstein ring

1. Introduction Among the semiclassical approaches addressing this issue, the

Kazakov-Solodukhin (KS) black hole [7] provides a particularly illu-

Black holes represent one of the most profound predictions of Ein-
stein’s general relativity (GR), serving as natural laboratories for probing
gravity in its strongest regime [1,2]. Although GR has been rigorously
tested in the weak-field limit through solar system experiments [3] and
confirmed by the detection of gravitational waves [4,5], its validity in
regions of extreme spacetime curvature near singularities remains un-
certain. The inevitable breakdown of classical GR at singularities under-
scores the need for quantum gravity corrections, motivating the develop-
ment of regular black hole models that eliminate curvature divergences
while preserving the asymptotic behavior of GR [6].
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minating framework for exploring quantum gravitational effects. This
quantum-corrected solution modifies the Schwarzschild metric by intro-
ducing a nonsingular core governed by a deformation parameter that
encapsulates leading-order quantum corrections. Owing to its math-
ematical simplicity and clear physical motivation, the KS spacetime
has attracted significant attention. Its physical properties have been
extensively examined in various contexts, including shadow morphol-
ogy [8,9], quasi-normal modes [9,10], accretion processes [11-13],
gravitational lensing [14], and Hawking radiation [15,16]. Collectively,
these studies demonstrate that the KS metric offers a promising theoret-
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$c=1$


$G=1$


\begin {equation}ds^2 = -f(r)dt^2 + f(r)^{-1}dr^2 + r^2(d\theta ^2 + \sin ^2\theta \, d\phi ^2), \label {metric}\end {equation}


$f(r)$


$U(\rho )$


\begin {equation}\label {metric1} f(r) = -\frac {2 M}{r} + \frac {1}{r}\int ^r U(\rho )\, d\rho .\end {equation}


$U(\rho )$


\begin {equation}U(\rho ,t) = \begin {cases} 0, & 0 \leq \rho \leq 4 \sqrt {\kappa t},\\[8pt] \dfrac {\rho }{\sqrt {\rho ^{2} - 16 \kappa t}}, & \rho > 4\sqrt {\kappa t}, \end {cases} \label {Xeqn3-3}\end {equation}


$t = \ln (\mu /\mu _0)$


\begin {equation}\label {metric2} f(r) = \frac {\sqrt {r^2-\beta ^2}}{r} - \frac {2M}{r}.\end {equation}


$\beta ^2 = 4G_R/\pi $


$G_R = G_N \ln (\mu /\mu _0)$


$\sim \beta $


$\beta $


$0<|\beta |<0$


$r_{pl}=\sqrt {\hbar G_N/c^3}$


$\sim 10$


$\beta \rightarrow 0$


$\beta $


\begin {equation}H(x^\alpha ,p_\alpha ) = \frac {1}{2}\tilde {g}^{\alpha \beta }p_\alpha p_\beta , \label {er}\end {equation}


$x^\alpha $


$\tilde {g}^{\alpha \beta }$


\begin {equation}\tilde {g}^{\alpha \beta } = g^{\alpha \beta } - (n^2 - 1)u^\alpha u^\beta , \label {xt}\end {equation}


$u^{\alpha }$


$n$


\begin {equation}n^2 = 1 - \frac {4\pi e^2 N(r)}{m_e \omega (r)^2}, \label {kl}\end {equation}


$e$


$m_e$


$N(r)$


$\omega (r)$


$r$


\begin {equation}\omega (r) = \frac {\omega _0}{\sqrt {f(r)}}, \label {Xeqn8-8}\end {equation}


$\omega _0$


$\omega (r) > \omega _p(r)$


$n > 0$


$r_{\text {ph}}$


\begin {equation}\frac {d(h^2(r))}{dr}\Big |_{r=r_{\text {ph}}} = 0, \label {15}\end {equation}


\begin {equation}h^2(r) \equiv r^2\left [\frac {1}{f(r)} - \frac {\omega _p^2(r)}{\omega _0^2}\right ].\label {eri}\end {equation}


\begin {equation}\label {aux} 1 - \frac {2M^2(\beta ^2 + 8M^2 - 2Mr_{\text {ph}})}{(-\beta ^2 - 8M^2 + 4Mr_{\text {ph}})^2} = \frac {\omega _p^2(r_{\text {ph}})}{\omega _0^2} + \frac {r_{\text {ph}}\omega _p(r_{\text {ph}})\omega '(r_{\text {ph}})}{\omega _0^2}.\end {equation}


$r$


$\beta =0$


\begin {equation*}r_{ph}=\frac {-4 \frac {\omega _p^2}{\omega _0^2}+\sqrt {9-8 \frac {\omega _p^2}{\omega _0^2}}+3}{2-2 \frac {\omega _p^2}{\omega _0^2}}.\end {equation*}


$\omega _p^2/\omega _0^2=0$


$\beta $


$\omega _p^2(r) = \text {const}$


$r_{\text {ph}}$


$q=1$


$q=2$


$\beta /M$


$\omega _p$


$k \sim 1 - 2$


$\sim 10^2-10^5$


\begin {equation}\omega _p^2(r) = \frac {z_0}{r^q}, \label {557}\end {equation}


$z_0$


$q>0$


$q=1$


$q=2$


$r_{\text {ph}}$


$q=1$


$\beta /M$


$z_0/(M\omega _0^2)$


$q=2$


$\alpha _{\text {sh}}$


\begin {equation}\sin ^2\alpha _{\text {sh}} = \frac {h^2(r_p)}{h^2(r_0)}, \label {Xeqn13-13}\end {equation}


$r_p$


$r_0$


$r_0 \to \infty $


\begin {equation}R_{\text {sh}} \approx r_0 \sin \alpha _{\text {sh}} = \sqrt {r_p^2\left [\frac {1}{f(r_p)} - \frac {\omega _p^2(r_p)}{\omega _0^2}\right ]},\label {22++}\end {equation}


$f(r)$


$\omega _p(r)$


$h(r) \to r$


$R_{\text {sh}}$


$\beta /M$


$q=1$


$q=2$


$\beta /M$


$\beta $


$q=0,1,2$


$4.55 \leq R_{\text {sh}}/M \leq 5.22$


$4.21 \leq R_{\text {sh}}/M \leq 5.56$


$1\sigma $


$2\sigma $


$\beta /M$


$\omega _0^2/\omega ^2$


$\beta /M$


$1\sigma $


$\beta /M$


$0$


$0.3$


$\omega _0^2/\omega ^2=0$


$\beta /M \approx 1$


$\omega _0^2/\omega ^2 = 0.5$


$2\sigma $


$\beta /M$


$\beta /M$


$q=2$


$\beta /M, \,l_0/M$


$b>>r_{ph}$


$r_{ph}$


$M/b, \beta /b$


$\sim M$


$\beta $


\begin {equation}g_{\alpha \beta } = \eta _{\alpha \beta } + h_{\alpha \beta }, \label {Xeqn15-15}\end {equation}


$\eta _{\alpha \beta }$


$h_{\alpha \beta }$


\begin {align}&\eta _{\alpha \beta } = \mathrm {diag}(-1, 1, 1, 1), \nonumber \\ &h_{\alpha \beta } \ll 1,\quad h_{\alpha \beta } \rightarrow 0 \quad \mathrm {as} \quad x^\alpha \rightarrow \infty , \nonumber \\ &g^{\alpha \beta } = \eta ^{\alpha \beta } - h^{\alpha \beta }, \quad h^{\alpha \beta } = h_{\alpha \beta }.\end {align}


$v = c/n$


$n$


$\omega _p > \omega $


$\omega _p < \omega $


$\omega _p \ll \omega $


$n \rightarrow 1$


\begin {equation}\hat {\alpha }_i = \frac {1}{2} \int _{-\infty }^{\infty } {\bigg (h_{33} + \frac {h_{00}\omega ^2 - K_e N(x^i)}{\omega ^2 - \omega ^2_e}\bigg )}_{,i} dz, \label {po}\end {equation}


$i$


$b$


$b^2 = r^2 - z^2$


$\hat {\alpha }_b$


$r$


$\frac {R_s}{r} \gg (\frac {R_s}{r})^2$


\begin {equation}ds^2 = ds_0^2 + \bigg (\frac {R_s}{r} + \frac {\beta ^2}{2r^2}\bigg ) dt^2 + \bigg (\frac {R_s}{r} + \frac {\beta ^2}{2r^2}\bigg ) dr^2, \label {Xeqn17-18}\end {equation}


$ds^2_0 = -dt^2 + dr^2 + r^2(d\theta ^2 + \sin ^2\theta \, d\phi ^2)$


$h_{\alpha \beta }$


\begin {align}h_{00} &= \frac {R_s}{r} + \frac {\beta ^2}{2r^2}, \nonumber \\ h_{ik} &= \bigg (\frac {R_s}{r} + \frac {\beta ^2}{2r^2}\bigg ) n_i n_k, \nonumber \\ h_{33} &= \bigg (\frac {R_s}{r} + \frac {\beta ^2}{2r^2}\bigg ) \cos ^2{x}, \label {19}\end {align}


$R_s = 2M$


$\cos {x} = z/\sqrt {b^2 + z^2}$


$r = \sqrt {b^2 + z^2}$


$b$


$b$


\begin {align}\hat {\alpha }_b =& \int _{-\infty }^{\infty } \frac {1}{2} \Bigg [ \partial _bdh_{33}+\nonumber \\ & + \frac {\omega ^2}{\omega ^2 - \omega _e^2}\partial _b h_{00} - \frac {K_e}{\omega ^2 - \omega _e^2} \partial _b N(r)\Bigg ] dz. \label {21}\end {align}


$\partial _b=\frac {b}{r}\partial _r$


\begin {align}\hat {\alpha }_b =& \int _{-\infty }^{\infty } \frac {b}{2r} \Bigg [ \frac {dh_{33}}{dr}+\nonumber \\ & + \frac {dh_{00}}{dr}\frac {\omega ^2}{\omega ^2 - \omega _e^2} - \frac {K_e}{\omega ^2 - \omega _e^2} \frac {dN(r)}{dr}\Bigg ] dz. \label {21}\end {align}


\begin {align}\hat {\alpha }_1 =& \frac {1}{2} \int _{-\infty }^{\infty } \frac {b}{r} \bigg (\frac {d h_{33}}{dr}\bigg ) dz, \label {38}\\ \hat {\alpha }_2 &= \frac {1}{2} \int _{-\infty }^{\infty } \frac {b}{r} \bigg (\frac {1}{1 - \omega _e^2 / \omega ^2} \frac {d h_{00}}{dr}\bigg ) dz, \label {39}\\ \hat {\alpha }_3 &= -\frac {1}{2} \int _{-\infty }^{\infty } \frac {b}{r} \bigg (\frac {K_e}{\omega ^2 - \omega _e^2} \frac {dN(r)}{dr}\bigg ) dz. \label {fg}\end {align}


\begin {equation}\hat {\alpha }_1 = \frac {1}{2}\int _{-\infty }^{\infty } \frac {b}{r} \bigg (\frac {d h_{33}}{dr}\bigg ) dz = -\frac {R_s}{b} - \frac {\pi \beta ^2}{8b^2}. \label {tyr}\end {equation}


$\beta = 0$


$\hat {\alpha }_1 = -R_s/b$


\begin {align}\label {alpha2} \hat {\alpha }_2 =& \frac {1}{2} \int _{-\infty }^{\infty } \frac {b}{r} \bigg (\frac {1}{1 - \omega _e^2 / \omega ^2} \frac {d h_{00}}{dr}\bigg ) dz = -\frac {R_s}{b(1 - \omega _0^2 / \omega ^2)} -\nonumber \\ &-\frac {\pi \beta ^2}{4b^2(1 - \omega _0^2 / \omega ^2)},\end {align}


$\omega _0^2 = \omega _e^2 = \mathrm {const}$


$\beta \rightarrow 0$


$\hat {\alpha }_2 = -R_s/b$


$\beta =0$


$\hat {\alpha }_b = 2R_s/b$


$\partial _r N(r) = 0$


\begin {equation}\hat {\alpha }_{\text {uni}} = \bigg (1 + \frac {1}{1 - \frac {\omega _0^2}{\omega ^2}}\bigg )\frac {R_s}{b} + \bigg (1 + \frac {2}{1 - \frac {\omega _0^2}{\omega ^2}}\bigg ) \frac {\pi \beta ^2}{8b^2}. \label {22}\end {equation}


$b$


$\beta $


$\hat {\alpha }_{\text {uni}}$


$\beta /M$


$\omega _0^2 / \omega ^2$


$\beta $


$\omega _0^2 / \omega ^2$


\begin {equation}\rho (r) = \frac {\sigma _\nu ^2}{2\pi r^2}, \label {Xeqn20-28}\end {equation}


$\sigma _\nu $


\begin {equation}N(r) = \frac {\rho (r)}{k m_p}, \label {24}\end {equation}


$m_p$


$k$


\begin {equation}\omega _e^2 = K_e N(r) = \frac {K_e \sigma _\nu ^2}{2\pi k m_p r^2}. \label {Xeqn22-30}\end {equation}


\begin {equation}\hat {\alpha }_{\text {SIS}} = \hat {\alpha }_{\text {SIS}}^{(1)} + \hat {\alpha }_{\text {SIS}}^{(2)} + \hat {\alpha }_{\text {SIS}}^{(3)}, \label {Xeqn23-31}\end {equation}


\begin {align}\hat {\alpha }^{(2)}_{\text {SIS}} &= \frac {1}{2}\int _{-\infty }^{\infty }\frac {b}{r} \bigg (\frac {1}{1-\omega _e^2/\omega ^2}\frac {dh_{00}}{dr}\bigg )dz \nonumber \\ &= -\frac {R_s}{b} + \frac {3\beta ^2 R_s^2}{16 b^4}\frac {\omega _c^2}{\omega ^2} - \frac {2R_s^3}{3b^3\pi }\frac {\omega _c^2}{\omega ^2}+ \frac {\pi \beta ^2}{4b^2},\\ \hat {\alpha }^{(3)}_{\text {SIS}} &\simeq -\frac {1}{2} \frac {K_e}{\omega ^2} \int _{-\infty }^{\infty }\frac {b}{r} \frac {dN}{dr} dz = \frac {R_s^2}{2b^2}\frac {\omega _c^2}{\omega ^2},\end {align}


\begin {equation}\omega _c^2 = \frac {K_e \sigma _\nu ^2}{2 k m_p R_s^2}. \label {Xeqn24-34}\end {equation}


\begin {equation}\hat {\alpha }_{\text {SIS}} =\frac {2R_s}{b} + \frac {3\pi \beta ^2}{8b^2} - \frac {\omega _c^2}{\omega ^2} \frac {R_s^2}{b^2}\bigg (\frac {1}{2} - \frac {3\beta ^2}{16b^2} - \frac {2R_s}{3b\pi }\bigg ). \label {Xeqn25-35}\end {equation}


$b$


$\beta $


$\omega _c^2/\omega ^2$


$\hat {\alpha }_{\text {SIS}}$


$\beta $


$\beta $


$\omega _c^2 / \omega ^2$


$\hat {\alpha }_b$


$\beta $


$\hat {\alpha }_{\text {uni}}$


$\hat {\alpha }$


$\gamma $


$\omega _0^2/\omega ^2=0.5$


$\beta /M=0.5$


$\gamma $


$\omega _0^2/\omega ^2=0.5$


$\beta $


$\gamma $


$\theta $


$\hat {\alpha }$


\begin {equation}\label {14eq} \theta D_s = \gamma D_s + D_{ls}\hat {\alpha } ,\end {equation}


$D_s$


$D_{ls}$


$b$


$b \approx D_d\theta $


$D_d$


\begin {equation}\label {29} \gamma = \theta - \frac {D_{ds}}{D_s}\hat {\alpha } .\end {equation}


$\hat {\alpha }$


\begin {equation}\gamma = \theta - \frac {D_{ds}}{D_s D_d}\bigg (1 + \frac {1}{1 - \frac {\omega _0^2}{\omega ^2}}\bigg )\frac {R_s}{\theta } - \frac {\pi \beta ^2}{8\theta ^2}\bigg (1 + \frac {2}{1 - \frac {\omega _0^2}{\omega ^2}}\bigg )\frac {D_{ds}}{D_s D_d^2} . \label {30}\end {equation}


$x = \theta - \frac {\gamma }{3}$


\begin {equation}\label {63} x^3 + px + l = 0 ,\end {equation}


\begin {align}p &= -\frac {1}{3}\gamma ^2 - \frac {1}{2}\bigg (1 - \frac {1}{\frac {\omega _0^2}{\omega ^2} - 1}\bigg )\theta _E^2 ,\\ l &= \bigg (1 - \frac {2}{\frac {\omega _0^2}{\omega ^2} - 1}\bigg )\frac {\pi \beta ^2 \theta _E^2}{16 D_d R_s} - \bigg (1 - \frac {1}{\frac {\omega _0^2}{\omega ^2} - 1}\bigg )\frac {\gamma \theta _E^2}{6} - \frac {2\gamma ^3}{27} ,\\ \theta _E &= \sqrt {\frac {2 R_s D_{ds}}{D_s D_d}} ,\end {align}


$\theta _E$


\begin {equation}x = 2 s^{1/3} \cos \bigg (\frac {\phi + 2\pi k}{3}\bigg ), \qquad k = 0, 1, 2 , \label {Xeqn30-43}\end {equation}


\begin {equation}s = \sqrt {-\frac {p^3}{27}}, \quad \phi = \arccos \bigg (-\frac {l}{2s}\bigg ) . \label {Xeqn31-44}\end {equation}


$k$


$\mu _{\Sigma }$


$I_{\text {tot}}$


$I_\ast $


\begin {equation}\mu _{\Sigma } = \frac {I_{\text {tot}}}{I_\ast } = \sum _{k}\bigg |\bigg (\frac {\theta _k}{\gamma }\bigg )\bigg (\frac {d\theta _k}{d\gamma }\bigg )\bigg |, \quad k = 1, 2, \ldots , n, \label {Xeqn32-45}\end {equation}


$\theta _k = x + \gamma /3$


$\beta $


$\gamma $


$\beta $
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$\omega ^2_0/\omega ^2$


$\beta $
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$\beta /M$
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ical setting for investigating the observable manifestations of quantum
gravity through astrophysical observations.

Gravitational lensing-one of the most striking predictions of GR-
occurs when light from a distant source is deflected by the curvature
of spacetime around a massive object [17]. The first observational con-
firmation of this phenomenon was made by Eddington during the 1919
solar eclipse [18], marking a milestone in the experimental verification
of Einstein’s theory. In the vicinity of black holes, where gravitational
fields reach extreme intensities, lensing effects become particularly in-
triguing [19]. The study of weak gravitational lensing-where deflection
angles are small and occur far from the event horizon-offers a valuable
tool for understanding the nature of spacetime around compact objects
and testing alternative theories of gravity. Furthermore, weak lensing
has been instrumental in probing the large-scale structure of the Uni-
verse, constraining dark matter and dark energy models [20-23].

Theoretical investigations of weak lensing by different black hole
geometries have revealed how spacetime curvature and additional pa-
rameters affect light trajectories [24-26]. For instance, Virbhadra and
Ellis [27] provided a detailed analysis of weak lensing in Schwarzschild
spacetime, while subsequent works extended the analysis to rotating
Kerr black holes [28]. Numerous studies have further explored lensing
in more generalized or modified spacetimes [29-49]. These analyses
confirm that gravitational lensing serves as a precise diagnostic tool for
testing the predictions of GR and its quantum-corrected extensions.

In realistic astrophysical environments, black holes are often sur-
rounded by plasma, originating from accretion disks or interstellar ma-
terial. The interplay between gravitational and plasma effects introduces
additional complexity into the propagation of light [50-52]. Plasma
modifies the effective refractive index of the medium, thereby alter-
ing observable quantities such as deflection angles, magnification fac-
tors, and the apparent shadow size [53-72]. In particular, the presence
of plasma has been shown to modify the shadow structure of black
holes [73-87].

With the advent of high-resolution interferometric observations-
most notably, the Event Horizon Telescope (EHT) images of M87* and
Sgr A* [88,88-94]-the study of plasma effects and quantum corrections
in gravitational lensing has gained new significance. Plasma-induced
modifications to shadow morphology and lensing observables can serve
as potential signatures of new physics beyond classical GR.

In this work, we investigate the optical properties of the Kazakov—
Solodukhin (KS) black hole under the influence of a surrounding plasma
medium. Specifically, we analyze weak gravitational lensing, shadow
morphology, and magnification effects, emphasizing how the quantum
correction parameter and plasma frequency jointly affect these observ-
ables. We also employ the gravitational lens equation to determine im-
age magnification and the Einstein angle. Our results provide new in-
sights into how quantum-gravity-induced corrections and plasma envi-
ronments modify the observational appearance of black holes.

The structure of this paper is as follows. In Section 2, we discuss
photon motion around the KS black hole in a plasma medium using
the Hamilton-Jacobi formalism. In Section 3, we analyze weak gravita-
tional lensing and derive the deflection angle. In Section 4, we compute
image magnification using the lens equation. Finally, Section 5 sum-
marizes our main results and implications. Throughout this paper, we
adopt geometric units with (c =1 and G = 1).

2. Dynamics around black hole
2.1. Kazakov-Solodukhin (KS) black hole

The Kazakov-Solodukhin (KS) black hole represents a quantum-
gravity inspired deformation of the Schwarzschild geometry that incor-
porates leading-order quantum corrections derived from the renormal-
ization group approach [7]. This model arises from considering spher-
ically symmetric quantum fluctuations of the spacetime metric within
an effective two-dimensional dilaton gravity framework. Through this

Physics of the Dark Universe 52 (2026) 102253

formulation, one can consistently regularize the curvature singularity at
the origin while maintaining the classical asymptotic flatness at spatial
infinity. In this sense, the KS metric provides a phenomenologically vi-
able model that bridges classical general relativity and quantum gravity
corrections.

The static and spherically symmetric KS spacetime is described by
the line element

ds* = —f(di* + f(r)~'dr* + r*(d0” +sin® 0 d¢p?), M

where the lapse function f(r) is determined through an integral relation
involving an effective renormalizable potential U (p),

fo=-20 42 / U(p) dp. @

The potential U(p) characterizes the transition between the classical and
quantum domains, taking the following form:

0, 0<p< /i,
Up.1) = » ®3)

W)
\/p? — 16kt

where the renormalization scale parameter ¢ = In(u/uy) encodes the
quantum corrections through the running of the gravitational coupling
constant. After integrating Eq. (2), the metric function can be expressed
in a compact analytical form as

VA=, oM

r r

fin= 4

Here, f*> = 4Gg/7 is a renormalization group-induced scale that
quantifies the departure from classical general relativity. It originates
from integrating out short-distance metric fluctuations, leading to a
renormalization of Newton’s constant: G = Gy In(u/ ). Physically,
this parameter can be interpreted as a minimal length scale (or "quan-
tum hair") inherent to the black hole, connected to Planck-scale physics.
It regulates the central singularity, replacing it with a smooth, non-
singular core of size ~ #. In our phenomenological analysis, we explore
a possible broader range of f values to illustrate the qualitative effects of
the deformation, as 0 < |#| < 0. While, the minimal value of it supposed
to be equal to the Planck radius r, = y/2Gy /c3 by assuming that pos-
sible factors ~ 10 are non-essential. In the limit § — 0, these quantum
corrections vanish, and the standard Schwarzschild solution of general
relativity is smoothly recovered.

Physically, the presence of f modifies the near-horizon structure and
photon dynamics around the black hole, leading to measurable effects
on observable quantities such as the shadow radius, lensing deflection
angle, and emission profiles. Hence, the KS black hole serves as an im-
portant theoretical model for exploring potential signatures of quantum
gravity in astrophysical observations.

2.2. Null geodesics around the KS black hole in plasma

In this subsection, we examine the propagation of photons in the
vicinity of a Kazakov-Solodukhin (KS) black hole when the surround-
ing environment contains a non-magnetized, pressureless plasma. The
presence of plasma modifies the trajectories of light rays due to the
frequency-dependent refractive index of the medium, leading to impor-
tant observational consequences for black hole shadow and lensing phe-
nomena.

To describe photon motion in such a medium, it is convenient to
employ the Hamilton-Jacobi formalism. The Hamiltonian of a photon
propagating in plasma can be expressed as Synge [95]

B

1.
H(x%, p,) = gg“ DPaPps (5)

where x* denotes the spacetime coordinates, and g%/ represents the ef-
fective optical metric tensor in the presence of plasma. The latter is de-
fined by

7 =g — (1 = DuuP, 6
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where u“ is the four-velocity of the observer measuring the photon fre-
quency, and n is the refractive index of the plasma medium. The refrac-
tive index can be expressed as Bisnovatyi-Kogan and Tsupko [52]
n=1- M’ @
m,(r)?

where e and m, are the charge and mass of the electron, respectively,
and N(r) is the local number density of electrons. The photon frequency
w(r) as measured by a static observer at radius r is redshifted due to
the gravitational field, and it can be written as Bisnovatyi-Kogan and
Tsupko [52]

-0 ®)
Vi®
where o, is the photon frequency measured by a distant observer at
infinity. The propagation of light through plasma is only possible when
a(r) > w,(r), which ensures that the refractive index n > 0.
The circular photon orbits define the photon sphere of the black hole,
whose radius rp;, can be found by imposing the extremum condition on
the impact parameter. This condition is expressed as Perlick et al. [96]

w(r) =

2
d(h*(r)) =0, ©)
dr  lr=rpy
where
@?(r)
PP | - 2. 10
n=r [f(r) wﬁ] (10)

By combining Egs. (9) and (10), one obtains an algebraic equation that
determines the radius of the photon sphere in the presence of a plasma
medium:

. 2M2 (B +8M? = 2Mrpy,) _ @ (rpn) . Foh@p(rpn)@’ (Fpn) an
(—ﬂ2 —8M? + 4Mrph)2 a)(z) a)(z)

Here, the prime denotes differentiation with respect to the radial coor-
dinate r. In general, this equation cannot be solved analytically for arbi-
trary plasma distributions. This can be solved only for uniform plasma
distribution and in the case of # = 0, which can then be written:

We can easily see that this solution will reproduce photon sphere radius
in schwarzschild spacetime in vacuum case, if we plug co‘z, /wg =0. To
include effects of quantum correction parameter g, we choose following
plasma distributions, and we will do numerical analysis during these
two subsections.

2.3. Homogeneous plasma

The most commonly used “toy models” for plasma distribution are
homogeneous plasma [65,97-101], therefore we first analyze the case of
a homogeneous (uniform) plasma, where the plasma frequency is spa-
tially constant, i.e., a)i(r) = const. Although Eq. (11) cannot be solved
analytically even in this case, the dependence of the photon sphere ra-
dius rpy, on the model parameters can be explored graphically. As illus-
trated in Fig. 1 (upper panel), the radius of the photon sphere increases
with both the quantum correction parameter /M and the plasma fre-
quency w,. This implies that the effect of quantum corrections tends to
enlarge the apparent shadow size of the KS black hole, while plasma
negatively affects.

2.4. Inhomogeneous plasma
The environment around Supermassive black holes is characterized

by a radiatively inefficient accretion flow (RIAF), such as an advection-
dominated accretion flow (ADAF). The electron density in such flows
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is well-described by a power-law profile from the Bondi radius in-
wards. Observational constraints from stellar orbits, Faraday rotation,
and sub-mm imaging suggest a density profile with k ~ 1 — 2 on the rel-
evant scales (~ 10> — 10° gravitational radii) [61,97-101]. Therefore,
the power-law plasma model is the most physically realistic for espe-
cially Sgr A* which we planned eventually constraint our parameters
from EHT observations. Next, we consider an inhomogeneous plasma
distribution characterized by a simple power-law profile [53]:

o) =22, (12)

where z, and g > 0 are free parameters controlling the plasma density
and its radial falloff, respectively. To capture the essential behavior of
such a medium, we restrict our analysis to the representative cases g = 1
and g = 2. Using Egs. (11) and (12), the photon sphere radius Iph €an be
evaluated numerically for different parameter values.

From Fig. 1 (middle and lower panels), it is evident that in the case
of an inhomogeneous plasma with g = 1, the photon sphere radius in-
creases with both /M and the ratio z, /(Mcoé). Interestingly, for the
case ¢ = 2, corresponding to a singular isothermal sphere distribution,
the photon sphere radius becomes independent of the plasma frequency.
This behavior indicates that the plasma influence on photon motion
strongly depends on the density profile, revealing how different astro-
physical plasma environments can alter the observable shadow structure
of quantum-corrected black holes.

2.5. Black hole shadow in a plasma environment with different
distributions

In this subsection, we investigate the influence of plasma on the ap-
parent shadow of the Kazakov-Solodukhin (KS) black hole. The presence
of plasma modifies the trajectories of photons due to refraction, which
in turn alters the perceived size and shape of the black hole shadow.
This effect becomes particularly relevant in realistic astrophysical set-
tings, where accretion flows and surrounding plasma can significantly
impact observational features detected by very long baseline interfer-
ometry (VLBI) experiments.

The angular radius of the black hole shadow, denoted by «y,, can be
derived geometrically from the photon motion in the plasma medium.
Following Refs. [79,96,102,103], it is expressed as

(r,)

) )

sin’ agp =
where r, represents the photon sphere radius and r, is the radial position
of the observer.

For an observer located at a large distance from the black hole (r; —
), the apparent radius of the shadow can be approximated as Perlick
et al. [96], Raza et al. [104]

. 1 wi(rp)
Ry R rosinag, = 4|2 7 a2 | as
r 0

where f(r) is the metric function and w,(r) denotes the plasma fre-
quency. This approximation follows from the asymptotic behavior
h(r) — r at spatial infinity, which holds for all plasma models consid-
ered.

For a black hole immersed in a uniform plasma, the shadow radius
Ry, can be determined numerically. Fig. 2 presents the numerical re-
sults for different plasma configurations as a function of the spacetime
parameter /M. It can be observed that the quantum correction pa-
rameter f has a positive influence on the shadow size regardless of the
plasma distribution. In contrast, increasing the plasma frequency gener-
ally leads to a decrease in the shadow radius for all considered models
(g =0,1,2). This behavior can be attributed to the refractive index of
the plasma, which causes photons with lower frequencies to bend more
strongly, effectively reducing the observed angular size of the shadow.
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Fig. 1. The dependence of the photon sphere radius on the effective charge for
various frequency values in homogeneous (upper panel) and inhomogeneous
plasmas with ¢ = 1 (middle panel) and the singular isothermal sphere (SIS) case
with g = 2 (lower panel).

Thanks to the recent high-resolution observations of the Event Hori-
zon Telescope (EHT) Collaboration [105,106], it has become possible to
place empirical constraints on the parameters of modified gravity mod-
els and their surrounding plasma environments. The observed shadow
diameter of Sgr A* provides bounds on the dimensionless shadow radius
as 4.55 < Ry, /M <522 and 421 < Ry, /M < 5.56, corresponding to the
1o and 20 confidence intervals, respectively [107].

The constraints illustrated in Fig. 3 show that the allowed range of
the quantum correction parameter /M is highly sensitive to the plasma
frequency. For instance, within 1o, the parameter /M lies between 0
and 0.3 for cog /w* = 0, whereas this range can extend up to /M = 1
for a)g Jw? = 0.5. More generally, within the 2¢ uncertainty range, /M
may take any value consistent with the physical constraint that pre-
vents the emergence of a naked singularity. We emphasize that these
constraints are derived under the assumption of a fixed plasma profile
and do not incorporate systematic uncertainties associated with accre-
tion flow modeling, plasma distribution, or observational calibration.
Consequently, the inferred bounds on /M should be interpreted as in-
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Fig. 2. Variation of the black hole shadow radius with the quantum correction
parameter /M for different plasma frequency values in homogeneous (upper
panel) and inhomogeneous (¢ = 1, ¢ = 2; middle and lower panels) plasma dis-
tributions.

dicative constraints that reflect the sensitivity of shadow observables to
quantum corrections, rather than as definitive parameter limits.
Interestingly, for the singular isothermal sphere (¢ = 2) plasma dis-
tribution, the constraints exhibit a weaker dependence on the plasma
frequency. As shown in the lower panel of Fig. 3, it becomes diffi-
cult to distinguish between plasma and vacuum environments obser-
vationally. This result suggests that shadow-based constraints alone
may not suffice to determine the precise plasma configuration sur-
rounding the black hole, emphasizing the need for complementary
probes such as polarization and lensing observations to fully charac-
terize quantum-corrected black holes. Finally, we present a quantitative
comparison of the Kazakov-Solodukhin (KS) black hole with the stan-
dard Schwarzschild spacetime and a representative regular black hole
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Fig. 3. Constraints on the quantum-correction parameter /M and the plasma
parameter a)g /w* based on EHT observations of Sgr A* for different plasma dis-
tributions.

model, namely the Bardeen black hole[6], as shown in Fig. 4. The fig-
ure displays the corresponding photon sphere radius and shadow radius
for all three geometries, evaluated for the same black hole mass and
plasma configuration. From Fig. 4, it is evident that while all models
coincide with the Schwarzschild limit for vanishing deformation param-
eters, the KS black hole exhibits systematic and increasingly pronounced
deviations in both the photon sphere and shadow radius as the quantum
correction parameter /M, I,/ M increases. These deviations are qual-
itatively and quantitatively distinct from those arising in the Bardeen
spacetime, where modifications are controlled by the nonlinear electro-
dynamics deformation parameter. In particular, for comparable defor-
mation strengths, the KS black hole leads to a larger photon sphere and
shadow radius than the Bardeen model, indicating that the underlying
quantum correction mechanism produces observationally distinguish-
able signatures.
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Fig. 4. Difference between predicts of three different black hole spacetimes, KS,
Schwarzschild and Bardeen, for photon sphere and shadow radius.

3. Gravitational weak lensing in plasma medium

In this section, we analyze the influence of plasma surrounding a
black hole on the propagation of light rays. We assume that light rays
with impact parameters b >> r,,, where r,, denotes the photon sphere
radius of the Kazakov-Solodukhin black hole. In this regime, the gravi-
tational field along the photon trajectory remains weak, and the deflec-
tion angle can be consistently expanded to leading order in M /b, #/b.
Typical impact parameters are of astrophysical scale (kiloparsecs), while
the gravitational radius ~ M and the quantum-correction scale § remain
many orders of magnitude smaller. Consequently, quantum corrections
enter as small perturbative contributions to the classical Schwarzschild
deflection angle and do not invalidate the weak-field expansion. The
theoretical framework follows the formalism developed by Synge [95],
which accounts for the dispersive properties of plasma in curved space-
time. The weak gravitational field approximation allows us to express
the spacetime metric as a small perturbation of the flat Minkowski back-
ground [52]:

8ap = Nap + Mg (15)
where 7,,; and h,; denote the Minkowski metric and a small perturba-
tion, respectively. These quantities satisfy

Mgy = diag(=1,1,1,1),

hyp <1,
g =y —n*, hP =, (16)

a
h,,ﬂ—>0 as x% — oo,

The phase velocity of electromagnetic waves in a plasma is deter-
mined by v = ¢/n, where n is the refractive index. From Eq. (7), it follows
that when o, > o, the plasma behaves as a refractive medium, in which
electromagnetic waves cannot propagate due to the high density of free
electrons. Conversely, when w, < o, the plasma acts as a dispersive or
reflective medium, allowing partial propagation. In the limit 0, < @,
we recover n — 1, corresponding to the vacuum case.
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To quantify the influence of plasma on gravitational light deflec-
tion, the deflection angle in the presence of plasma can be expressed
as Bisnovatyi-Kogan and Tsupko [52], Atamurotov et al. [79]

® hoo@® — K,N(x!
& =l/ <h33+00w—8(x)> dz, a
_ ;

i 2 _ 2
2 J @* — W

where i represents the one of the coordinate (we can later choose it as
b which is related to radial distance by b = r2 — z2).

A negative value of @, corresponds to the deflection of light rays
toward the central compact object, while positive values correspond to

deflection away from it. For sufficiently large r, such that % > (%)2,
the black hole metric can be approximated by
R 2 R 2
a2 =ds+ (2 P Vap o (S0 2 a2, as)
roo2r2 ro 22

where ds(z) = —d? +dr? + r2(d6* + sin> 6 d¢?) is the flat spacetime line
element.

We now investigate the combined effects of the plasma medium and
the gravitational field of the Sen black hole, using the above formalism.
In Cartesian coordinates, the metric perturbations A, can be written as

R, p?
hyy = =+ —,
007 7 T g2
R, p?
hlk - <TA + ﬁ)nlnlw
R, p*
hys = <TA + ﬁ) cos? x, 19)

where R, =2M, cosx = z/Vb2 + z2, and r = Vb2 + z2. The quantity b
denotes the impact parameter, representing the closest approach of the
light ray to the black hole.

Using the above mentioned expressions in the formula, one can com-
pute the light deflection angle with respect to b for a black hole sur-
rounded by plasma

©1
ab=/ 3 0pdhys+
—00

2 K,
+ wz“i 5 Oyhgg ~ ——— abN(r)] dz. (20)
e e

or with the relationship, 9, = fa,, we can rewrite this as follows

. © b |dhsy

b=/ = +

b Zm 2r |: dr
dhy K, dN(r) dz
dr o? —w? -2 dr ’

(21)

From Eq. (21), one can see that the total deflection angle incorporates
both gravitational and plasma effects. To better understand their indi-
vidual contributions, it is convenient to decompose the total deflection
angle into three separate integrals that account for different physical
influences [56]:

© , /dh
& =1 / 9( 33)dz, 22)
2 J_or\ dr
1 [®b 1 dhy
== | 22—y, 23
& 2/_mr<1—wg/w2 KUNPE 23)
. 1 (b K, dN@)
=_L /b dz. 2
a5 2/,°°r<a)2—w§ o z 24)

These terms correspond, respectively, to (i) the pure spacetime cur-
vature contribution, (ii) the mixed contribution from both gravity and
plasma, and (iii) the correction arising solely from the spatial variation
of plasma density.

In what follows, we compute the integrals for different plasma con-
figurations and analyze how each distribution modifies the deflection
behavior of photons near the black hole.
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Fig. 5. Dependence of the deflection angle of light rays in the presence of a
uniform plasma on the impact parameter b for different values of the quantum
parameter § (upper panel) and plasma frequency (lower panel).

3.1. Uniform plasma

We begin with the simplest case of a uniform plasma distribution
as we did in the shadow part. For this configuration, the first term
in Eq. (22)-which represents the contribution due solely to spacetime
curvature-takes the form:

1 [ b(dhs; R, zp*
ay== | 2B )az=-—2-I2 25
% 2/,00 r< ar )T T T 25

From Eq. (25), one observes that in the limit g = 0 the deflection
angle reduces to the Schwarzschild case &, = —R,/b. The second term,
which mixes the effects of gravity and plasma, can be written as:

L1 /°° b < 1 dhoo) R,
== [ 2(——— dz=——"%
2 ) wr\1-a2/w? dr b(1 _wg/wZ)
_ 7p
4p(1 - 0} /o?)

(26)

where cog = w? = const. In the limit g — 0, Eq. (26) reduces to &, =
—R,/b. Hence, for g = 0, the total deflection angle recovers the classical
Schwarzschild result &, = 2R, /b.

In the case of a uniform plasma, the third contribution in Eq. (24)
vanishes, since the plasma density is spatially constant and 0, N(r) = 0.

Therefore, the total deflection angle can be expressed as

o 1\ R, 2 =z’
auni—<l+1 m2>b+<1+1 a>§>8b2' 27

?

Fig. 5 illustrates the dependence of the photon deflection angle &,,;
on both the quantum correction parameter f/ M and the plasma param-
eter a)g Jw?. As seen, increasing f leads to a slight enhancement in the
deflection angle, while a denser plasma (higher w(z) /w?) further increases
the deflection. Consequently, the bending of light in a uniform plasma
environment is stronger than in the vacuum case.
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Fig. 6. Dependence of the deflection angle of light rays in the presence of a non-
uniform (SIS-type) plasma distribution on the impact parameter b for different
values of § (upper panel) and plasma frequency ratio w?/w* (lower panel).

3.2. Singular isothermal sphere plasma

Next, we examine the case of a non-uniform plasma distribution
following the Singular Isothermal Sphere (SIS) model, which provides
a physically realistic description of galaxy or cluster-scale plasmas.
The SIS represents a spherically symmetric distribution of ionized gas
whose density decreases with radius according to Bisnovatyi-Kogan and
Tsupko [52], Rogers [53]:

o2 )
p(r) = g 28)

where o, denotes the one-dimensional velocity dispersion. The corre-
sponding plasma concentration can be written as Bisnovatyi-Kogan and
Tsupko [52], Rogers [53]:

N =22, 29)

km,

where m, is the proton mass and k is a dimensionless proportionality
constant related to the effective mass-to-charge ratio of the plasma. The
associated plasma frequency thus takes the form:

2

e0y

w? =K,N(r) = (30)

2zkm,r? '

Using this distribution, one can compute the deflection angle in the
presence of SIS-type plasma surrounding the Sen black hole by substi-
tuting into Egs. (22)-(24). Following Atamurotov et al. [59], we express
the total angle as

NOBIPIC)

L NG
grs = dgrg + Ggre + @ BD

SIS’

where the first term, independent of plasma effects, coincides with Eq.
(25). The remaining terms are given by:

a@ =1 b 1 dhy dz
SIST 2 J o r\1 —w2/w? dr
R, 3R w? 2R o} gp?

=4 L 32
b 1664 @? 3Bz w?  4b? (32)
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G0 o LK [ThaN R @ (33)
SIS 2@2 J_ o1 dr 282 @2’
where
K, o2
2 cy (34)

W= —.
¢ 2km p R%
Collecting all terms, the total deflection angle in the SIS plasma case
becomes:

2R,  3zp?

2 RZ 2
W K ( 1 3p 2R, ) (35)

ts= 5 R o \2 168 r

Fig. 6 depicts the variation of ag5 as a function of g for different
plasma parameters. The results show that both the uniform and SIS
plasmas share similar qualitative behavior with respect to g, where in-
creasing the quantum correction parameter tends to increase the deflec-
tion slightly. However, plasma inhomogeneity has the opposite effect-
reducing the overall deflection magnitude compared to the uniform
case. This reduction becomes more significant as a)? /w? increases, con-
sistent with earlier studies [53,108].

Thus, the presence of SIS-type plasma around the black hole pro-
duces a notable impact on the trajectories of photons, reducing the bend-
ing angle relative to both the vacuum and uniform plasma cases. The
comparative results for different plasma distributions are illustrated in
Fig. 7.

4. Impact of plasma environment on Einstein angle and
magnification

In this section, we investigate the observable consequences of grav-
itational lensing in the presence of a plasma medium, focusing particu-
larly on the Einstein angle and the magnification of image brightness.
These quantities depend directly on the deflection angle & derived in
the previous sections, especially for the case of uniform plasma. Fig. 9
schematically illustrates the gravitational lensing configuration, show-
ing the alignment between the source, lens (black hole), and observer.

The basic lens equation relates the angular positions of the source
y and image 6, the deflection angle &, and the distances between the
observer, lens, and source as

0D, = yD, + D,a, (36)

where D is the distance between the observer and source, and D is
the distance between the lens and the source. In the weak-field approx-
imation, the impact parameter b can be expressed as b ~ D,0, with D,
being the distance from the observer to the lens. Using this relation, Eq.
(36) can be rewritten as

Dds
=0-
Y D

a. 37

s



B. Rahmatov et al.

BIM=0.5, wifw’=0.5

7r -
0.00030°
6 \ 0.00025°
P 0.00020- ]
\ 0.00015- . ]
4 0.00010.
- \ 0.00005.  TTeeealll
S
2
1,
0 : ‘ ‘ |
0.2 0.4 0.6 0.8 1.0
v /0.
wifw?=0.5
7 — BI/M=0.0
- - - B/IM=0.5
6,
%f} N BIM=1.0
5 3.15 ]
$ 3.10
3.05
! 3.00
3t S
040 041 042 043 0.44°
27 4
0.2 0.4 0.6 0.8 1.0
v /0.

Fig. 8. (Upper panel) Magnification of images as a function of source position
y for @} /w? = 0.5 and /M = 0.5. The black solid, red dashed, and blue dotted
curves represent the first, second, and tertiary weak-field images, respectively.
(Lower panel) Total magnification of the source image as a function of y for
wﬁ Jw?* = 0.5 and various f values.(For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

Image

N
~

Mt
/; Iy
/6 =

> Y
Black Hole
Ds
Dd B
0
A\ v v
Observer

Fig. 9. Schematic view of the gravitational lensing system. The observer (O),
lens (L), and source (S) are aligned along the optical axis, while the light from
the source is deflected by the gravitational field of the lens.

Substituting the expression for & in a uniform plasma (Eq. (27)) into
Eq. (37), we obtain

Dy, 1 R, xp? 2 D,
=0-—% (1+ =1+ o 38
! DSDd< w2> 6 862 \_ %/ DD} @8

1--=2
?

Physics of the Dark Universe 52 (2026) 102253

To simplify the analysis, we introduce a new variable x = 6 — %, re-
ducing Eq. (38) to a cubic equation of the form

X +px+1=0, (39)
where
1, 1 1 )
=—2y2-2(1- 02, 40
p=-3r 2< 7 >E (40)
-
7p20% 762 3
1:(1_#>_E_<1_+>_E_2L, (41)
@ _ /) 16D4R, @ _ )6 2
w2 [0}
2R,D
0p = Z s 7ds (42)
Dst

with 6, denoting the Einstein ring angle.
The cubic Eq. (39) admits the general analytical solution [67,109]

x:2s1/3cos<¢+T2”k>, k=0,1,2, (43)

where

5= _r ¢ = arccos [ — L (44)
- 277 T 2s )"

Each value of k corresponds to a distinct weak-field image position re-
sulting from the modified lens equation. The multiplicity of solutions
originates from higher-order corrections in the deflection angle induced
by the plasma medium [110] and the quantum-corrected spacetime ge-
ometry, rather than from strong-field photon looping effects.

The total magnification yy of all images can be expressed as the ratio
of the total observed flux I, to the intrinsic flux of the source I, which
in the weak-field limit takes the form Morozova et al. [111]

™ (9k><d9k>
g = —— = =)=
UL z,:‘ Y dy

where 6§, = x + y/3 denotes the angular position of each image.

Using these expressions, we numerically evaluate the total magnifi-
cation and its dependence on both the source position and the defor-
mation parameter f. Fig. 8 shows the variation of magnification with
the angular position of the source (lower panel) and individual image
magnifications (upper panel). The results reveal that:

k=1,2,...,n, (45)

¢ The total magnification decreases as the source position angle y in-
creases.

¢ A larger value of the quantum parameter § enhances the total mag-
nification, indicating a stronger gravitational lensing effect.

e The magnification of the tertiary weak-field image remains ex-
tremely small compared to the primary and secondary images, ren-
dering it observationally negligible.

These findings suggest that the presence of both plasma and quantum
corrections can substantially modify the observable lensing signatures,
thereby offering a potential avenue to test the influence of quantum-
gravity corrections in astrophysical lensing systems.

4.1. Multiplicity of images and Einstein angle

In the quantum-corrected black hole spacetime, the cubic structure
of Eq. (39) allows for up to three distinct images of the same source,
depending on the line-of-sight angle y and the spacetime parameters
o} /w* and p. As shown in Fig. 10, for sufficiently small y and moderate
values of cog /w?* and g, three real image solutions are obtained.

After determining the Einstein angle, we compute the Einstein radius
corresponding to each image and display their configurations in Fig. 10
with the source fixed at y = 0. In these plots, the red dashed curve de-
notes the primary image, the black solid curve the secondary image,
and the blue dashed line the tertiary weak-field image. The green dot-
ted circle corresponds to the Einstein ring in the standard Schwarzschild
case.
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Fig. 10. Einstein ring structures for primary, secondary, and third-order relativistic images in the quantum-corrected spacetime. Left panel: §/M =0, wg Jw? =0.5;
middle panel: /M =1, w(z) /w?* = 0.5; right panel: /M = 1, m:“) Jw?* = 0.5. Black solid curves correspond to the primary image, red dashed and blue dashed curves
represent secondary and tertiary images, respectively. The green dotted line illustrates the classical GR prediction for the Einstein ring. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Constraints on the parameters (wé /@?, /M) from observations of
J0008-0004 (left panel) and J0029-0055 (right panel). Shaded regions corre-
spond to excluded parameter space, while colored lines mark representative
values of ] /w?.

Our analysis shows that for certain values of wé /w?* and /M, both
the primary and secondary Einstein rings appear significantly larger
than in the GR limit. Physically, the parameter w}/w? effectively en-
hances the gravitational coupling, deepening the potential well and in-
creasing light deflection. The quantum correction parameter /M in-
troduces additional modifications to the effective potential, which can

Table 1

Measured quantities from selected SLACS strong lens-
ing systems. z, and z, are the lens and source redshifts,
respectively, 6;, denotes the Einstein ring angular ra-
dius, and the lens mass is estimated in units of 10'°M,.

LensID zg z; Opi, (M Lens Mass
J0008-0004  1.192  0.44 1.16 35+4
J0029-0055  0.931 0.227  0.96 12+1

slightly enlarge or shift the apparent angular size of the rings, particu-
larly affecting the third weak-field image radius.

To connect theory with observations, we utilize data from the Sloan
Lens ACS (SLACS) Survey [112-114], which provides well-measured
strong lensing systems with precisely determined Einstein ring radii and
redshifts. Table 1 summarizes two representative lenses, J0008-0004
and J0029-0055, along with their lens and source redshifts, observed
Einstein radii, and estimated lensing masses. These systems serve as
testbeds to constrain the parameter space of the quantum-corrected
gravity model and the plasma environment.

By fitting the theoretical predictions of our model to these observa-
tions, we numerically determine the allowed regions for (wf) J@?, B/ M),
illustrated in Fig. 11. For JO008-0004, the viable parameter space ex-
tends approximately from (0,0) to (0.18,1) in the absence of plasma,
while for J0029-0055, the admissible range spans (0.4,0) to (0.55,1).
Note that the upper bounds on /M arise from the physical require-
ment of the black hole horizon’s existence, preventing the emergence
of a naked singularity. We emphasize that the interpretation of Ein-
stein ring observations in realistic galaxy-scale lenses involves several
astrophysical complexities that are not explicitly modeled in the present
analysis. In particular, SLACS lenses are characterized by extended mass
distributions, lens ellipticity, external shear from the surrounding envi-
ronment, line-of-sight structures, and potential substructure within the
lens galaxy. In addition, uncertainties in the plasma distribution, bary-
onic feedback, and deviations from spherical symmetry can further af-
fect photon trajectories. In this work, we adopt a simplified point-mass
lens approximation and an idealized plasma model in order to isolate
the leading-order effects of the Kazakov-Solodukhin spacetime on Ein-
stein ring observables. While the inclusion of realistic lens modeling
and environmental effects is expected to broaden the allowed parame-
ter space and introduce additional degeneracies, these effects primarily
modify the detailed morphology and angular structure of the lensed im-
ages rather than the characteristic Einstein ring radius used in our anal-
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ysis. Consequently, the constraints presented here should be regarded
as indicative sensitivity bounds, demonstrating the potential of strong
lensing observations to probe quantum-corrected black hole geometries
under controlled assumptions.

5. Discussion and conclusion

Gravitational lensing and black hole shadow properties have been
extensively investigated for a variety of modified and regular black
hole spacetimes. However, the present work exhibits several key dis-
tinctions from existing studies. The Kazakov-Solodukhin (KS) black hole
represents a quantum-corrected Schwarzschild geometry motivated by
semiclassical considerations, rather than an ad hoc regular metric or
a deformation induced by additional matter fields [115], such as non-
linear electrodynamics [6], dark photons [116], or dilatonic couplings
[117]. This fundamental difference leads to qualitatively distinct ob-
servational signatures. A notable qualitative distinction emerges in the
behavior of shadow and photon sphere observables. In several regular
and phenomenological black hole models, including Bardeen, Hayward,
and Simpson-Visser spacetimes, increasing the deformation parameter
typically results in a reduction of the shadow radius. In contrast, our
analysis shows that the KS quantum correction parameter f induces an
enlargement of both the photon sphere and the shadow radius. This
qualitatively opposite trend provides a clear observational discriminator
between KS black holes and other regular or modified black hole scenar-
ios. Furthermore, our study explicitly demonstrates that plasma effects
can either enhance or suppress the sensitivity of lensing and shadow
observables to the quantum correction parameter. We show that the
plasma distribution introduces a nontrivial degeneracy between g and
the plasma frequency, implying that plasma environments can partially
mimic or mask quantum corrections to the spacetime geometry. This
plasma-geometry interplay has not been systematically explored in pre-
vious studies of black hole shadows and gravitational lensing. In this
work, we have investigated the weak gravitational lensing and shadow
properties of KS black holes immersed in a plasma medium, focusing on
how both the quantum correction parameter f/M and the plasma dis-
tribution influence observable optical signatures. Our main results can
be summarized as follows:

Increasing the quantum correction parameter /M leads to a larger
photon sphere radius and, consequently, to an enlarged black hole
shadow.

» Shadow observables and lensing quantities exhibit sensitivity to both
f/M and the plasma frequency, allowing indicative constraints to be
inferred using observational inputs such as Event Horizon Telescope
shadow measurements.

e The deflection angle of light rays displays a mild but system-
atic dependence on the quantum correction parameter, indicating
that weak lensing observables can encode signatures of quantum-
corrected spacetime geometry.

¢ Both uniform and inhomogeneous plasma distributions were consid-
ered. Uniform plasma enhances the deflection angle through refrac-
tive effects, whereas a singular isothermal sphere (SIS) plasma profile
leads to a reduction of the deflection angle as the plasma frequency
increases.

e Plasma effects significantly modify photon trajectories, particularly
in the inhomogeneous SIS model, where deviations from the vacuum
case become more pronounced.

¢ Using the lens equation in the weak-field regime, we analyzed image

magnifications and Einstein ring radii, deriving indicative bounds on

/M and the plasma frequency.

While these findings highlight the potential of shadow and lensing ob-
servables as probes of KS black hole spacetimes, several limitations of
the present analysis should be emphasized. Our study relies on idealized
assumptions, including spherical symmetry, simplified plasma models,
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point-mass lens approximations, and the neglect of astrophysical sys-
tematics such as accretion flow uncertainties, lens ellipticity, external
shear, and environmental effects. Consequently, the derived constraints
should be interpreted as sensitivity bounds rather than definitive pa-
rameter estimates. Despite these limitations, our results provide a use-
ful theoretical benchmark for assessing the observational distinguisha-
bility of quantum-corrected black holes. Ongoing and future observa-
tional programs-including improved Event Horizon Telescope obser-
vations, next-generation very-long-baseline interferometry arrays, and
high-precision strong lensing surveys-are expected to significantly re-
duce observational uncertainties and may enable more stringent tests of
quantum-corrected gravity models. A comprehensive analysis incorpo-
rating realistic plasma distributions, detailed lens mass modeling, and
systematic uncertainties within a joint inference framework represents
a natural and important direction for future work. Overall, this study
underscores the importance of combining black hole shadow observa-
tions and gravitational lensing measurements as complementary tools
for probing quantum modifications of black hole spacetimes in realistic
astrophysical environments.
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