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Abstract In this paper, we explore the dynamics, thermodynamics, and observational features of the Bardeen—Kiselev black hole in
AdS spacetime, motivated by the need to resolve curvature singularities and incorporate the influence of dark energy in strong gravity
regimes. By coupling nonlinear electrodynamics with a quintessence field, the Bardeen—Kiselev—AdS solution provides a physically
regular and rich framework to study modified black hole behavior. We first investigate the Hawking evaporation process and show
that magnetic monopole charge induces a repulsive core that halts complete evaporation, resulting in a stable remnant which is
significant deviation from traditional singular black hole models. In contrast, the Kiselev—AdS black hole without magnetic charge
undergoes total mass loss, illustrating the crucial role of nonlinear electrodynamic effects. Next, we analyze the evolution of scalar
perturbations and find that increasing the quintessence parameter enhances wave dissipation, while higher magnetic charge improves
perturbative stability through deeper effective potentials. To further understand quantum effects, we compute rigorous bounds on the
greybody factors using the Visser—-Boonserm method and demonstrate that quintessence suppresses radiation transmission, whereas
magnetic charge amplifies it, modifying the observable Hawking spectrum. Additionally, we examine the black hole shadow and
find that quintessence shrinks the apparent shadow size, while magnetic charge enlarges it due to modifications in the photon sphere
geometry. Lastly, employing the Novikov—Thorne model, we simulate the accretion disk images and show how parameters like g,
¢, and observer inclination € impact the disk s shape, and relativistic lensing features.

1 Introduction

General relativity (GR) successfully predicts and explains various astrophysical phenomena [1], with black holes (BHs) being
one of its most significant predictions [2]. Owing to their unique causal structure, BHs possess a boundary called event horizon,
beyond which any particle or wave that crosses cannot escape. In recent years, BH research has gained increasing importance.
Two significant events that have advanced BH research are observation of gravitational waves (GWs) by LIGO [3, 4], and image
of a BH’s surrounding environment captured by event horizon telescope collaboration [5, 6]. While these experiments mark major
breakthroughs, the observation of a shadow or gravitational ringdown is not conclusive proof of a BH solution [7]. Besides GR,
also predicts other possible solutions, such as wormholes [8, 9], boson stars [10], black bounces [11, 12], and regular BHs [13, 14],
among others [15]. In BHs, the issue of singularity emerger, regions in spacetime where geodesics are disrupted [16]. This occurrence
might signal a limitation of the theory, as it is based on classical gravity. A quantum theory can potentially resolve the singularity
problem [17]. There are also alternative approaches aimed at addressing the singularity problem. One such alternative is the concept
of a regular BH, which is free of singularity. The regular BH was given by Bardeen [18, 19]. In recent years, the regular BH has
expanded significantly, with numerous proposed models and analyses of their properties [20-22]. Another notable development is
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that within the framework of GR, these solutions are not solely characterized by coupling with nonlinear electrodynamics, which
necessitates additional matter [12, 15]. Bronnikov and collaborators also introduced solution with structure resembling black bounce,
called black universe [23]. Numerous studies have since emerged on black bounces, exploring aspects such as quasinormal modes,
shadows, absorption, and other related phenomena [24, 25].

In 1974, using quantum field theory in curved spacetime, Hawking demonstrated that quantum mechanical effects enable BHs
emit particles, a phenomenon called Hawking radiation [26, 27]. Hawking radiation plays a pivotal role in connecting quantum
field theory with gravitational physics, and is widely regarded as a key phenomenon for probing the quantum nature of spacetime.
Through this process, black holes continuously emit thermal particles, resulting in a gradual decrease in their mass, which in turn
leads to the well-known information loss puzzle [28]. This quantum emission framework allows one to compute the radiative energy
flux and estimate the characteristic evaporation timescale of a black hole [29]. Notably, the evaporation time diverges for black
holes with arbitrarily large initial masses, implying that extremely massive black holes would require an infinite amount of time to
evaporate completely. Similar considerations extend to more general geometries, including rotating and electrically charged black
holes [30], where analogous quantum radiation mechanisms govern their thermodynamic evolution.

Since the first detection of GWs, over 90 GW events-originating from mergers of compact objects, like as BHs or neutron stars
captured by the LIGO collaborations [31]. More advanced GWs detectors are being developed [32], including Cosmic Explorer [33],
the Einstein Telescope [34], LISA [35], Tian Qin [36], Taiji [37], and DECIGO [38]. This has sparked the study of BH quasinormal
modes (QNM) [39, 40] and the influence of dark matter on gravitational waves [41,42], among other related phenomena. Gravitational
waves produced during the ringdown phase following a coalescence, when a BH has just formed, can be understood as a linear
combination of QNM of newly formed BH. These waves are typically analyzed using perturbation theory [43, 44]. The QNMs of
like perturbations, including scalar, vector (electromagnetic), and tensor (gravitational) modes, have been widely investigated in
both and various modified gravity theories. For further details, readers are referred to [45, 46].

Greybody factors characterize the modification of Hawking radiation as it propagates through the curved spacetime surrounding a
black hole, effectively measuring the likelihood that emitted particles overcome the gravitational potential barrier. In the framework
of classical general relativity, black holes act as perfect absorbers and do not emit radiation [47]. However, once quantum effects
are taken into account, black holes emit thermal quanta the phenomenon known as Hawking radiation. As these quanta propagate
outward, they scatter off the black hole’s effective potential, leading to a partial transmission of particles to infinity and a partial
reflection back toward the horizon. The resulting deviations from a perfect blackbody spectrum are encoded in the greybody factors,
making them essential for understanding the observable properties of black hole radiation. Therefore, spectrum detected by observer
varies from that of standard blackbody spectrum. A BH’s GF measures the deviation from pure blackbody radiation [48]. There are
several methods to obtain GF, including establishing bounds for coefficients in potential scattering.

BHs continue to serve as natural laboratories for exploring the profound interplay between gravity, quantum theory, and high-
energy astrophysics. Traditional BH solutions in general relativity, while elegant, are often plagued by singularities regions where
physical quantities diverge and predictability breaks down. To address this, regular BH models such as the Bardeen solution
have emerged, removing central singularities by coupling gravity to nonlinear electrodynamics. Concurrently, the Kiselev model
introduces a surrounding quintessence field to account for the effects of dark energy in the BH environment, enabling the study
of exotic matter interactions in strong gravitational regimes. The fusion of these two frameworks in the Bardeen—Kiselev—(A)dS
BH yields a compelling setting for deeper investigations. This hybrid model not only regularizes singularities but also captures the
influence of quintessential dark energy and a negative cosmological constant, making it relevant for both theoretical insights and
astrophysical observations in an (A)dS context.

The rapid progress in gravitational wave observations and the development of very high-resolution black hole imaging techniques,
such as those employed by the Event Horizon Telescope, it becomes essential to understand how such complex matter-energy
configurations modify observable phenomena like Hawking radiation, BH shadows, greybody spectra, and disk images. This study is
therefore driven by the urgent need to understand how magnetic monopole charge and quintessence fields impact the thermodynamics,
radiation, and stability of BHs. By analyzing evaporation behavior, perturbation dynamics, GF bounds, and accretion disk images
within the Bardeen—Kiselev—(A)dS framework, we aim to provide novel predictions that can inform and possibly be tested by future
observations. Our results not only enhance the theoretical foundations of regular BHs in modified gravity settings but also shed
light on potential mechanisms of BH remnant formation and information preservation critical topics in quantum gravity and the
(A)dS/CFT correspondence.

The paper organize as, In Sect. 2, we provide brief review of Bardeen—Kiselev (A)dS BH. In Sect. 3, we investigate Hawking
evaporation of Bardeen—Kiselev BH in (A)dS spacetimes. In Sect. 4, we study perturbations of Bardeen—Kiselev BH in (A)dS
spacetimes. In Sect. 5, we discuss GFs onto Bardeen—Kiselev (A)dS BH. In Sect. 6, we investigate Shadows of Bardeen—Kiselev
(A)dS BH. In Sect. 7, we study accretion disk around Bardeen—Kiselev BH. In Sect. 8, we conclude our findings.

2 Bardeen—Kiselev solution with cosmological constant

The Bardeen—Kiselev solution with a cosmological constant represents a novel and physically rich BH model that combines several
key features. Regular BHs (no singularity at the center) via the Bardeen solution, dark energy effects through the Kiselev component,
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modeled using a quintessence field, embedding in asymptotically (Anti)-de Sitter (AdS/dS) spacetime via the cosmological constant.
Together, this creates a BH solution relevant for both theoretical studies and astrophysical applications. The observational implications
apply only to the dS case, while the AdS case is considered for theoretical completeness. We use the notation (A)dS throughout the
relevant part of the manuscript to reflect the theoretical consideration of both asymptotics, while explicitly noting that only the dS
sector has potential cosmological relevance. The Bardeen solution introduces a magnetic monopole via nonlinear electrodynamics,
eliminating the central singularity. This makes the BH regular everywhere, aligning with attempts to resolve singularities in classical
general relativity. It offers a more physically acceptable BH model, avoiding breakdowns in spacetime geometry. On the other
hand, the Kiselev component introduces a surrounding quintessential field, characterized by an equation of state parameter. This
models the influence of dark energy near the BH. It allows investigation of how cosmic acceleration and exotic matter fields affect
BH thermodynamics, stability, and observable features. We consider BH solution in the framework of Bardeen—Kiselev BH with
cosmological constant. The general structure of these models is characterized by

ds? = f(r)dt? — f(r)"'dr* — (d6? + sin? 6dp?)r?. 1

The action in the theory is of the form [49]
S = / d*x/=g[2A + R + L(F)], )

were, curvature scalar is R, cosmological constant is A, and L(F) yields nonlinear Lagrangian of the electromagnetic theory. This
Lagrangian is a nonlinear function of electromagnetic scalar 7 = F*"F},,, where F*¥ is the Maxwell-Faraday tensor. The only
non-zero component of F,,, [50] in the context of magnetically charged spherically symmetric spacetime is F»3 = ¢ sinf, and

scalar Fis F = f—ff, where ¢ is magnetic charge. Let us assume Lagrangian [51, 52]

247/2M¢> Gwe( )3 4D

- . 3)
2( /24> 2)5/2 2
K = + 2q

where c is quintessence parameter and when ¢ — 0, it reduces to Bardeen solution. w is equation of state parameter, M represents
mass of BH. In the limit 7 — 0, we have

L(F)=

3(w+])

6c23/4 @), TR B3 @D/4 12 7 FFL/A
LF) ~ -2 e + V2 "L o(FFYH. )
KZ(qZ)z(wH) K24 qz
When w = 1/3, this results in
deF 1232FFVA
L)~ =+ fﬂ — 4 0(F ), )
K=q K=+ q
Thus, very small values of F result in dominance of the linear term
F~LF),F—O0. ©)

This equation is actually the Maxwell weak field limit [53, 54]. It means that behavior of electromagnetism in Maxwell limit is
almost akin to Maxwell theory. Einstein equations in the presence of cosmological constant are of the form

1
Ryy — EguvR +Aguy = K2T/w- @)
Utilizing the stress—energy tensor for nonlinear electrodynamics, we get
dar
Ty ZngL(]:)— EFM Foa, 8)

and solution of the Einstein equations gives us metric function

2Mr? r2
CrE
For the limiting case without quintessence (¢ — 0), the Bardeen solution is recovered while (¢ — 0) without magnetic charge
it leads to the Kiselev solution [55]. The study of Bardeen—Kiselev de Sitter BH is of significant theoretical and observational
interest. This class of solutions combines the features of the magnetically charged regular Bardeen BH with those of the Kiselev
BH, which is surrounded by quintessence. To gain a deeper understanding of the physical properties and observational signatures of
the Bardeen—Kiselev de Sitter BH, it is essential to explore several key phenomena associated with it. Horizons can be obtained by
solving f(r) = 0. Due to the complexity of the metric function, analytic solutions are not possible; therefore, we obtain numerical
solutions for the horizons. The temperature of BH can determined by using surface gravity as [56]
K
S 2’

fr)y=1-=2cr73" - ©)

Tx (10)
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here
/
= S'(r) ’ (11)
2 r=ry
represent surface gravity and r, manifest event horizon radius (outer radius). So, we get
1 - 2
Ty = o |:(6ca)r+_3‘“_2 +2er 307 4 2Mr+(rf — 2q2) (q2 + ri) Ny %] (12)
4
The first law of thermodynamics is defined as [57, 58]
dM = TydS + ®dg + VdP. (13)
Here, M denotes energy, F represents magnetic potential, and P shows pressure, which is defined as
p-_2n (14)
87’
and entropy of the system is S. According to area law [59]
A 2
S = 7 =nry, (15)
where A is the area of the BH. We can determine M by using the condition f(r;) = 0, which yields
1 3
M=o (q+r) e <6c - i - 3r3w+‘). (16)

It is worth noting that the above expression for the BH mass incorporates the effects of both the nonlinear electromagnetic charge and
the surrounding quintessence field. In particular, the term involving (¢2 + rf)3/ 2 encapsulates the Bardeen regularization contribution
arising from nonlinear electrodynamics. Meanwhile, the term proportional to the parameter ¢ characterizes the influence of the Kiselev
quintessence fluid, modifying the mass profile in a manner dependent on the equation of state parameter w. This modification reflects
how the external matter distribution affects the gravitational structure of the spacetime. Furthermore, the contribution proportional
to rf /12 demonstrates the interplay with the AdS curvature scale /, consistent with the extended phase-space interpretation where
the cosmological constant acts as a thermodynamic pressure.

3 Hawking evaporation of Bardeen—Kiselev black hole in AdS spacetimes

The analysis of Hawking radiation plays a crucial role in connecting BH physics with quantum field theory. For the Bardeen—Kiselev
black hole, studying the Hawking evaporation process enables us to understand how the regular geometry affects BH thermodynamics,
the lifetime of the BH, and possible remnants. The mass of BH M behaves like a monotonically decreasing function of time ¢ due to
Hawking radiation when an absorbing boundary condition is incorporated. It is assumed that all ejected particles travel along null
geodesics under the geometric optics approximation. In this scenario, the equation governing the motion of these massless particles

is given by
dr\? of £(r) 5
(?x) =—J (7 >+E , (7

here £ = f (r)g—i and J = r2 g—g energy and angular momentum of emitted particle, respectively. Let us assume an emitted particle
coming from just outside the BH horizon, the observer on the AdS boundary cannot detect this particle if there is a turning point

that satisfies
dr\?
— ] =0.
dr

An impact parameter is defined b = J/E and massless particle can reach infinity only if

L f)

2o 2
Y r > ry. The impact parameter b, is determined by maximum value of f(r)/r2. It is useful in calculating evaporation process
through the application of the Stefan-Boltzmann law [30, 60, 61]

dmM

— = —CbIT*, 19

o c (19
where the constant C is assumed to be unity for sake of simplicity. 7 is temperature, particularly the asymptotic plays a dominant

role in the BH evaporation as the photon energy term T'# possesses a higher order. To determine the photon sphere radius rp and the

(18)
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Fig. 1 Plot of mass of Bardeen

BH (¢ = 0) versus ¢ for various

values of / with fixed ¢ = 0.4 and 1028
_ =2

©=73

1

0.0 0.2 0.4 0.6 0.8 1.0
Time (s) 1e9

associated critical impact parameter b, for the Bardeen—Kiselev black hole with a cosmological constant, we employ the standard
method used for analyzing null geodesics in static, spherically symmetric spacetimes. The photon sphere corresponds to the location
where massless particles can follow unstable circular trajectories under the black hole’s gravitational influence. The critical impact
parameter b, defined as the ratio of angular momentum to energy for such photon trajectories, marks the boundary separating
photon paths that are captured by the black hole from those that escape to infinity. For a metric of the form considered here, the
radius of the photon sphere is obtained by solving the extremum condition for the effective potential of null geodesics, leading to

the following equation
d (fo)
dr \ r2

where f(r) denotes the metric function of the black hole spacetime. This condition isolates the stationary points of the effective
potential experienced by photons, thereby determining the location of the unstable circular orbit. In the case of null geodesics, the
effective potential governing photon motion is given by f(r)/r2. Hence, to obtain the photon sphere radius, one differentiates this
effective potential with respect to r and sets the resulting expression equal to zero. The requirement

d
d(FOY _,
dr\ r?
therefore yields the radial position of the photon orbit in terms of the underlying metric function. Taking the derivative of the effective
potential, we obtain

=0,

r=rp

d (f(r)) _ ot —2rf @)

dr \ r2 r4
Setting this to zero gives the photon orbit condition

flor =2£@).

By inserting the explicit metric function f(r) into the above condition, one can determine the value of rp, which corresponds to the
radius of the circular photon orbit. After obtaining rp, the critical impact parameter b, associated with massless particles follows
directly from the relation

be = 2.
vV f(rp)

This relation provides the critical impact parameter at the photon sphere, distinguishing photon trajectories that spiral into the black
hole from those that escape to spatial infinity. Using this result, and substituting the relevant quantities into the Stefan-Boltzmann
law, we can compute

dt = ¢*H\(x, y)dx. (20)

Here, H;(x, y) represents a complex function that is too cumbersome to write. Solving this equation we determine the BH’s lifetime

The behavior of BH mass with respect to time during the Hawking evaporation process is depicted in Figs. 1, 2, 3, and 4 for
the Bardeen—AdS BH (i.e., with ¢ = 0) under various values of the AdS curvature scale / and magnetic charge g, with a fixed
equation of state parameter w = —%. In Fig. 1, the mass evolution is shown for ¢ = 0.4, revealing that the BH mass decreases over
time and approaches a finite value rather than vanishing completely. As [ increases, the rate of evaporation becomes slower, and
the remnant mass increases, indicating the strong influence of AdS curvature on BH evaporation. Figure 2 provides a density plot
that numerically confirms this behavior, showing the terminal mass values as stable endpoints, which supports the notion of BH
remnant formation due to the regularizing effects of nonlinear electrodynamics. Figures 3 and 4 further explore this dependence by
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Fig. 2 Density plot for numerical " 1o
results of Bardeen AdS black hole. 10
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Fig. 3 Plot of mass of Bardeen 1o
BH (¢ = 0) versus ¢ for various
values of / with fixed ¢ = 0.3 and 107
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Fig. 4 Plot of mass of Bardeen 1o
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varying g; specifically, they show the mass evolution for ¢ = 0.3 and ¢ = 0.2, respectively. It is evident from the comparison that
decreasing the magnetic charge accelerates the evaporation rate and reduces the remnant mass, which implies that magnetic charge
plays a critical role in stabilizing the BH against complete evaporation. Mathematically, this behavior stems from the presence of
the g-dependent term in the metric function f(r), which modifies the spacetime geometry and hence the photon sphere and critical
impact parameter. These alterations directly affect the Stefan-Boltzmann law-driven mass-loss rate. Physically, the presence of a
magnetic monopole prevents total mass loss by introducing a repulsive core that halts further shrinkage, leading to the formation of a
stable remnant. This is a remarkable deviation from the standard Schwarzschild or Kiselev—AdS cases, where complete evaporation
is observed. Thus, the figures collectively highlight how nonlinear electrodynamics and magnetic charge result in profound physical
modifications of the BH s long-term evolution and may offer a possible resolution to the information loss paradox through remnant
preservation.
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Fig. 5 Plot of mass of Kiselev BH 107818
(g = 0) versus ¢ for various values L e
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Fig. 6 Plot of mass of Kiselev BH 1ofcl8
(g = 0) versus ¢ for various values L e
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Figures 5 and 6 present the time evolution of the BH mass for the Kiselev—AdS BH, which corresponds to the special case
where the magnetic charge ¢ = 0, and hence no regularizing effects from nonlinear electrodynamics are present. In Fig. 5, the
evaporation profiles are shown for a fixed quintessence normalization parameter ¢ = 0.4 and various values of the AdS curvature
parameter /, while Fig. 6 explores a similar setup for ¢ = 0.2. Unlike the Bardeen—AdS case depicted in earlier figures, here the
mass monotonically decreases and approaches zero in finite time, indicating a complete evaporation process without any remnant
formation. The decrease in quintessence parameter c leads to a slower evaporation rate, showing that dark energy plays a significant
role in modulating the Hawking radiation process. Additionally, the presence of a larger AdS radius (i.e., higher /) delays the
evaporation, reflecting the influence of asymptotic spacetime curvature on energy loss mechanisms. These findings are consistent
with the application of the Stefan—-Boltzmann law, which incorporates the effective temperature 7" and critical impact parameter b,
both of which are functions of the background geometry determined by f(r). The absence of magnetic charge means the central
singularity is not regularized; and thus, there is no repulsive core to halt the mass loss, resulting in the BH fully evaporating.
Physically, this implies that in the absence of nonlinear electrodynamic corrections, the quintessence field alone cannot prevent the
BH from vanishing, highlighting a stark contrast with the Bardeen case where magnetic charge-induced repulsion enables remnant
formation. These comparative results demonstrate the crucial role of magnetic charge in altering the long-term fate of BHs and
emphasize how distinct matter sources quintessence versus nonlinear electrodynamics affect BH thermodynamics and evolution.

4 Evolution of scalar perturbations of Bardeen—Kiselev black hole

The Klein—Gordon equation is a fundamental tool in quantum field theory in curved spacetime, that explains how scalar particles
behave near strong gravitational fields. It connects BH physics with broader efforts in quantum gravity and semiclassical gravity.
Scalar field perturbations governed by the Klein—Gordon equation provide a powerful framework to test BH stability, extract
observable signatures, and explore the interplay between matter content and spacetime geometry in both classical and quantum
regimes. The evolution of scalar perturbations helps us to determine whether a BH spacetime is stable or unstable under small
disturbances. If perturbations decay over time, the BH is stable and if they grow, the spacetime may develop instabilities. In this
section, we examine scalar perturbations that satisfy Klein—-Gordon equation as [62]

1
——0,(~/—gg""3,®) =0. 21
—¢ M( 88 ) 21

@ Springer



8 Page 8 of 20 Eur. Phys. J. Plus (2026) 141:8

Fig. 7 Behavior of effective
potential Vegr versus r for r
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Here, scalar field is ® = ®(¢, r, 6, ¢). By decomposing this field using spherical harmonics Y7,,(6, ¢) as ® = Ylm@, the

equation for W is derived as follows

3? 32
L [_ﬁ . veffm}p —o, 22)
here effective potential Ve is defined as
G rlz)f(r) . % d(];(:)z), @
with x being the coordinate defined as
dr = f(r)dx. 24)

As r is dimensionless, x is dimensionless as well. Also it worth mentioning that spherical symmetry of the background makes the
perturbations free for the choice of index m [44]. Thus, setting m = 0 retains the generality.

Figures 7 and 8 illustrate the behavior of the effective potential Vi¢r for scalar perturbations in the spacetime of Bardeen—Kiselev

AdS BHs. These plots provide critical insight into the stability and wave dynamics around such BHs. In Fig. 7, the potential Ve is
plotted against the radial coordinate r for fixed magnetic charge ¢ = 0.2 and varying values of the quintessence parameter c. The
curves indicate that increasing ¢ reduces the peak height of the potential barrier, implying a shallower well in which perturbations
evolve. This decrease in the potential barrier suggests that scalar waves encounter less resistance when propagating through the
spacetime, potentially increasing the transmission of radiation and lowering the trapping of modes, thereby modifying quasinormal
mode frequencies. In contrast, Fig. 8 examines the variation of Vg for fixed ¢ = 0.2 while varying the magnetic charge ¢. It is
observed that increasing ¢ elevates the potential barrier significantly. This outcome reflects the fact that a stronger magnetic monopole
structure, arising from nonlinear electrodynamics, enhances the repulsive core near the center, stabilizing the perturbations by creating
a steeper effective potential. Mathematically, these behaviors stem from the form of the potential Ve = I(I+ 1) f(r)/r* + % %:)2),
where f(r) is influenced by both ¢ and g. Physically, a higher ¢ enhances the gravitational repulsion at small r, while a higher ¢
representing dark energy exerts a diluting effect that reduces the confinement of perturbations. These competing influences directly
affect the stability of the spacetime, gravitational wave damping times, and the energy distribution of scalar fields, thus providing
distinct observational signatures for each parameter regime. The figures thereby highlight how magnetic charge and quintessence
field distinctly modulate the dynamics of perturbations and contribute to the physical characteristics of BH spacetimes.
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Firstly, we attempt to evaluate Eq. (22) in time scale using method given in Refs. [63-65].

Figures 9 and 10 present the time evolution of the scalar field perturbations for Bardeen—Kiselev AdS BHs by plotting In|W¥/(z,
x = 0)| versus time ¢, thereby illustrating how the scalar wave decays in the vicinity of the BH. In Fig. 9, the decay of the
perturbation field is shown for various values of the quintessence parameter ¢, with fixed magnetic charge ¢ = 0.2 and equation of
state parameter @ = —5 The curves demonstrate that increasing c results in faster decay rates and lower oscillation amplitudes,
indicating that the presence of a stronger quintessence field enhances the damping of scalar perturbations. This behavior reflects a
more dissipative geometry where dark energy drives the rapid attenuation of field disturbances. On the other hand, Fig. 10 shows the
time evolution of the perturbation for varying values of magnetic charge ¢, with fixed ¢ = 0.2. It is evident that increasing ¢ leads
to a slower decay of the scalar field and increased oscillatory behavior. This can be attributed to the fact that the magnetic charge
introduces a repulsive core via nonlinear electrodynamics, effectively increasing the depth and width of the effective potential
well in which the perturbations evolve. Mathematically, the behavior of W(z, x = 0) follows from solving the Klein—Gordon
equation in a curved background, where the potential Vs directly depends on both g and c. Physically, these findings suggest that
quintessence contributes to faster energy dissipation from the BH, whereas magnetic charge tends to trap energy longer near the
horizon, possibly stabilizing perturbations. The contrasting decay profiles provide key insights into the quasinormal mode structure
and signal observable differences in gravitational wave emission, with potential applications in testing the presence of dark energy
and regularizing magnetic fields in astrophysical BHs.

5 Greybody factors onto Bardeen—Kiselev AdS black hole

Hawking radiation is theoretically predicted to be emitted from BHs as a blackbody spectrum. However, this radiation has to pass
through the curved spacetime around the BH before reaching an observer at infinity. During this journey, a fraction of the radiation
is absorbed, scattered, or partially reflected by the gravitational potential surrounding BH. The greybody factor measures the portion
of Hawking radiation that successfully escapes the black hole’s gravitational barrier and reaches a distant observer. It therefore plays
a key role in determining the observable spectrum of emitted particles, as it modifies the pure thermal radiation predicted at the
event horizon into the spectrum detected at infinity. In their absence, the emission would resemble a perfect blackbody. Greybody
factors carry essential information about the physical characteristics of a black hole, including its mass, charge, rotation, and the
structure of the surrounding spacetime. By studying these factors, one can indirectly extract details about the underlying geometry
and the nature of the compact object. Since greybody factors modify the intensity of Hawking radiation, they also play a significant
role in determining the rate at which a black hole loses mass and energy, which is particularly important for understanding the
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Fig, 11 Graph of Ab against Ap as a Function of Frequency for Different c Values in Bardeen-Kiselev AdS Black Hole
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evaporation process of small black holes. Various analytical and numerical techniques have been developed to evaluate greybody
factors [66—70]. In the present work, we utilize rigorous bounds on greybody factors, which provide theoretical limits on the fraction
of Hawking radiation that can escape the gravitational potential barrier. These bounds offer constraints on the relative portions of
radiation that are transmitted, reflected, or absorbed, thereby yielding insight into the interaction between emitted particles and the
black hole geometry. The bounds are sensitive to the black hole s parameters and the energy of the emitted quanta, making them
powerful tools for probing black hole thermodynamics and radiation properties.

A systematic framework for establishing rigorous bounds on greybody factors was first put forward by Visser [71] and later
extended by Boonserm and Visser [72]. Since then, this approach has been refined and applied in several subsequent works,
including Refs. [73-78], where the method was generalized to various black hole spacetimes and field dynamics. In the present
study, our focus is on the greybody factors associated with the Bardeen—Kiselev black hole geometry. To this end, we examine the
propagation of a scalar field governed by the Klein—Gordon equation and analyze the corresponding effective potential, which is

V() =10+ D ferr2+ fo)f oyt (25)

Using effective potential, we proceed to analyze bounds for Bardeen—Kiselev BHs by focusing on the influence of ¢ and g. The
expression for calculating the bound is presented as [79, 80]

2of 1[IV
Ap > sech”| — —dr |, (26)
20 ) oo f(r)
It is worth noting that A, = T} [81]. The modified boundary conditions are described as follows
2 Al
A > Ap =sech”| — |. 27
2w
with
Ru 1y R\ 11 +1 !
A = | ldr:/ (2)+f(r)dr. (28)
rH f(}") ry r r

Here, Ap, and T}, represent the absorption and transmission coefficients associated with the near horizon region, while A and A; denote
the corresponding coefficients defined at large r. The subscripts b and [ refer to the BH horizon and the asymptotic (cosmological)
boundary, respectively. Thus, we have effectively calculated rigorous bounds on GFs for Bardeen—Kiselev BHs as a function of
various parameters, such as ¢ and g. Through numerical computations, we can assess the bound and represent it visually.

Figures 11, 12, 13, 14, and 15 illustrate the behavior of the GF bounds A; for Bardeen—Kiselev AdS BHs, as a function of
frequency w, under various values of the quintessence parameter ¢ and magnetic charge g. These bounds are derived using a rigorous
analytical method based on the integral of the effective potential V(r), as given by A, > sech? (ﬁ ffooo ‘;g; l dr), which quantifies
the minimal transmission probability for scalar particles radiated via Hawking processes. In Figs. 11 and 12, the variation of .A; with
increasing c for fixed ¢ = 0.2 shows that larger quintessence values lower the greybody bound across all frequencies, indicating
enhanced suppression of Hawking radiation due to the repulsive influence of the surrounding dark energy field. This is corroborated
in the density plot (Fig. 12), which visually highlights how the transmission probability diminishes as c increases. In contrast, Figs. 13
and 14 examine the variation of .4;, for different values of magnetic charge g while fixing ¢ = 0.2. The plots reveal that increasing
q significantly boosts the GF, especially at lower frequencies, implying that the magnetic field structure introduced via nonlinear
electrodynamics enhances the probability of particle emission. These trends are further reinforced in Fig. 15, where the combined
effects of ¢ and g are shown; a strong magnetic charge tends to counteract the suppressive influence of quintessence, leading to a more
balanced radiation spectrum. Physically, this analysis demonstrates that the GFs, and hence the emitted radiation spectrum, are highly
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Fig. 12 Density plot of Aj, versus
frequency for Bardeen—Kiselev
AdS BH. We use different values
of ¢ and fixed g = 0.2

Fig. 13 Plot of A as a function of
the frequency for Bardeen—Kiselev
AdS BH. We use different values
of ¢ and fixed ¢ = 0.2

Fig. 14 Density plot of Aj, versus
frequency for Bardeen—Kiselev
AdS BH. We use different values
of ¢ and fixed ¢ = 0.2
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sensitive to the surrounding matter content and field configurations. The quintessence field acts to trap radiation more effectively,
whereas magnetic charge facilitates its escape. These effects directly influence the rate of mass loss and the thermodynamic stability
of the BH. The results underscore the importance of including both nonlinear electrodynamic and dark energy components when
modeling realistic BH evaporation scenarios in modified gravity or AdS/CFT frameworks.

6 Shadows of Bardeen—Kiselev black hole

The shadow of a BH is the dark region observed against a background of light when light rays emitted by surrounding material (like
an accretion disk) are bent, absorbed, or captured by the BH’s intense gravitational field. It is not the event horizon itself, but a 2D
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Fig. 15 Plot of Ab versus Greybody Factor Bound A, for Bardeen-Kiselev AdS Black Hole for Different c and q
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projection of the photon sphere the region where photons move in unstable circular orbits. Light rays that come close to the black
hole can escape to infinity (contributing to the visible ring), be captured by the BH (contributing to the dark interior), Or orbit for
a while before escaping, leading to secondary images. This complex lensing effect forms a luminous ring called the photon ring
surrounding the central dark region, which is the BH shadow. The size and shape of shadow depend on BH s spacetime geometry,
spin, and surrounding matter distribution.

In this analysis, we start from the Lagrangian of the form [82]

1 1/ 1 . . .
L= ngxﬂx“ =3 < 5 i +r?sin? 0¢% — f(r)i’ + r292), (29)
where a dot denotes differentiation with respect to the affine parameter 7. Applying the Euler—Lagrange equations to this Lagrangian,
one can readily obtain the equations of motion, yielding [82]

2 dik? —dek? —2f1k2 \.
E:<1_;”+ —— T ) . (30)
Py =r?sin*0¢ = L. 3D

Here, energy is E and angular momentum is L of particle. The next step is to determine the particle trajectory by solving the
corresponding geodesic equations, which can be obtained using the Hamiltonian formalism [82].

g5 _ 0, (32)
ot
1
H = Eg,wp"p”‘ (33)

Using the relation Bax% = p" together with the separation of variables technique originally introduced by Carter [82],
~2

S = %r — Et+Sy(0) + Lo+ 5,(r), (34)
we derive the following important relation
E2 1/ L? S, \> 1 /3S\>
— — ——=—+K —L%cot?’0 | — —L) — (=) +L%*cot?’0 — K =0. 35
T 2 (sin29 «© ) fm( or ) r2( 20 ) 0 (35)

Here, K denotes the Carter separation constant. Since we are dealing with photon trajectories, the particle mass must be set to zero,
i.e., m = 0, consistent with the null geodesic condition. Using this constraint, the equations simplify appropriately for the massless

case. % = pp, and 335;" = p,, one can easily obtain the following
a5 00
o =r’=, (36)
a6 at
aS, _yor
= — 37
or f(r) P (37)

Substituting Egs. (36) and (37) into Eq. (35) allows us to reorganize the expression into two separate relations, each corresponding
to different components of the motion. This separation facilitates a clearer analysis of the radial and angular dynamics of the photon
trajectory.
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2
r2<@> =rPE2f(n 7 =P+ K)f()7 (38)

ar

385 \?

PO — _[2cot?0 + K. (39)
00

Next, we utilize the definition of canonically conjugate momentum show complete set of equations
,00

o= +V/0O, ©=—L%cot’0+K, (40)
r’F =+vR, R=r*E>—(L*+K)r’f(r), (41)
in which
® =K —L?cot?0, 42)
and
R(r) = r*E? — (L? + K)r* f(r). (43)

In these expressions, the symbols + and—correspond to radially outgoing and ingoing photon paths, respectively. The existence of
unstable null trajectories determines the boundary of the black hole shadow. To proceed with computing these orbits, we express
the geodesic equation in the form

ar\>
Vetr(r) + (*) =0. (44)
T
where the effective potential Vs (r) takes the form
Vest(r) = f(r)(L* + K)r—% — E*. (45)

Figures 16 and 17 illustrate the shadow images of Bardeen—Kiselev AdS BHs, showing how the presence of quintessence and
magnetic charge alters the silhouette observed by a distant observer. In Fig. 16, the shadow morphology is analyzed for increasing
values of the quintessence parameter ¢ while keeping the magnetic charge ¢ fixed. The plots reveal that as ¢ increases, the size of the
shadow becomes smaller and more compressed, indicating a stronger influence of the repulsive dark energy field which modifies
the null geodesics by pushing photon orbits outward and thereby shrinking the photon sphere. In contrast, Fig. 17 examines the
effect of varying magnetic charge ¢ with a fixed ¢ and demonstrates that larger values of g lead to an expanded shadow size. This is
due to the magnetic monopole structure from nonlinear electrodynamics which introduces an effective repulsion near the BH core,
stabilizing photon orbits at larger radii and enlarging the boundary of the photon sphere. These results are obtained by analyzing
the geodesic equations derived from the Hamilton—Jacobi formalism, in which the shadow boundary is determined by the unstable
circular photon orbits where the effective potential satisfies the condition Veg(r) + (9r/ 97)%> = 0. The mathematical relation for
the shadow radius involves the critical impact parameter b = rp/./ f(rp), where r}, is the photon orbit radius, itself sensitive to
changes in ¢ and ¢ via the metric function f(r). Physically, these figures show how the presence of dark energy (through c) tends to
suppress the apparent size of the BH, while the magnetic field (through ¢) counteracts this compression and restores or enlarges the
observable shadow. The interplay between these parameters offers unique signatures that could, in principle, be identified through
precise observations such as those from the Event Horizon Telescope. These findings provide valuable insights into the nature of
regular BHs in AdS spacetimes, and illustrate how their optical appearances encode information about the underlying matter and
field content.

7 Analysis of the accretion disk around Bardeen—Kiselev AdS

The Novikov Thorne model is a theoretical framework that describes the structure and emission properties of geometrically thin,
optically thick accretion disks around BHs. It extends the earlier Newtonian model by Shakura and Sunyaev (1973) into general
relativistic settings, making it applicable to strong gravitational fields near BHs. It provides a realistic model for the thermal emission
from accretion disks. The model is used to fit X-ray spectra from accreting BHs, helping to estimate BH spin, mass and infer accretion
rates and disk properties. In shadow and image modeling (like in the Event Horizon Telescope), the Novikov—Thorne disk is often
assumed as the emission source. It helps in understanding brightness asymmetries, secondary images, and photon ring structures.
A comprehensive description of the Novikov—Thorne thin accretion disk formalism is provided in Ref. [83]. For a distant observer,
the cumulative bending of photon trajectories, which governs the resulting image structure, can be written as [84]

Uobs 1 Uobs 1 2 —1/2
v = [ e | (ﬁ —u f(u)) du, (46)
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Fig. 16 Plot of shadows of Bardeen—Kiselev AdS BH for different values of quintessence and magnetic charge

Here, we introduce the substitution # = r~1. The quantity usource refers to the inverse radial position of the emission point of the
photon, whereas uqps corresponds to the position of the observer. For certain values of the impact parameter exceeding a critical
threshold, the photon trajectory may exhibit a turning point in the radial direction, denoted by u¢. In such cases, the photon path can
be separated into two segments: one running from usoyrce t0 g, and the second from ug to ueps. The turning point ug is determined
through the condition

1 ~1
uy = bjf(r) 5 “7

In this part of the analysis, numerical integration techniques are employed to generate the primary and secondary images. The
corresponding photon trajectories are computed using the following relation [84]

tan 6 sin n), (48)

Uobs 1 —1/2 1
2 -1
/ < 5 f(u)) du = n — cos —_———
Usource b vV SiIl2 n tf:ll'l2 0+1

In this expression, 1 represents the celestial angle, b denotes the impact parameter, and 6 corresponds to the observer’s inclination
angle. The integer n specifies the image order, where n = 0 refers to the direct image and n = 1 corresponds to the secondary
lensed image. Thus, the path of each photon is characterized by its azimuthal angle n together with the associated impact parameter
b, which jointly determine the apparent position of the image seen by the observer. From this expression, the observer’s inclination
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Fig. 17 Plot of shadows of Bardeen—Kiselev AdS BH for different values of quintessence and magnetic charge

angle can be directly inferred. For a fixed radial distance r, the relation can be rewritten to express the dependence between the
impact parameter b and the polar angle 1 associated with a particular trajectory.

The spacetime parameters of the metric enter the equation as constants, allowing one to probe how variations in these parameters
influence both the underlying geometry and the observable structure of the accretion disk. Since an explicit analytical integration
for u is generally not feasible, one can restrict 7 to the interval [0, 7] and employ a numerical root-finding procedure to determine
the corresponding value of b. This value of the impact parameter then maps directly to the apparent image of the orbit as seen by a
distant observer.

Figures 18, 19 and 20 depict the optical appearances of thin accretion disks around the Bardeen—Kiselev AdS BH, highlighting
how variations in the quintessence parameter ¢, magnetic charge ¢, and observer inclination angle 6 alter the direct and secondary
disk images. These simulations are based on the Novikov—Thorne model, which incorporates general relativistic effects on photon
trajectories and is well-suited for modeling thin, optically thick disks in strong gravitational fields. In Fig. 18, the accretion disk
images are shown for increasing values of ¢ with fixed magnetic charge and observer angle. As ¢ increases, both the direct and
secondary images of the disk become increasingly distorted and compressed, particularly in the vertical direction, due to the enhanced
repulsive effects of the surrounding quintessence field. This results in tighter bending of light rays and more extreme lensing near
the horizon. In Fig. 19, the magnetic charge g is varied while holding ¢ constant. It is observed that higher values of ¢ lead to greater
asymmetry and deformation in the disk structure, especially for the secondary images. This is attributed to the magnetic monopole
effect, which modifies the photon sphere and enhances the radial distance at which null geodesics are deflected, thereby altering the
brightness and shape of the lensed images. Finally, Fig. 20 investigates the impact of changing the observer inclination angle 6. As
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Fig. 18 Accretion disk around Bardeen—Kiselev BH for different values of ¢ = 0, 0.1, 0.2, 0.3. Red and blue curves correspond to direct and secondary
images, respectively, for different values of r =9, 17 and 25

0 increases from a face-on to an edge-on view, the accretion disk appears more flattened and elongated, with the secondary images
wrapping more tightly around the BH and exhibiting increased relativistic beaming. Mathematically, these image constructions are
based on integrating the ray-tracing equation involving the impact parameter b and azimuthal angle 1, with null geodesics governed
by the effective potential R(r) = r*E% — (L + K)r2 f(r).

8 Conclusion

In this work, we have conducted a comprehensive and multifaceted investigation into the physical properties and observational
signatures of the Bardeen—Kiselev BH in AdS spacetime. Motivated by the compelling need to resolve central singularities and
account for dark energy effects within BH environments, we adopted a hybrid framework that unites nonlinear electrodynamics
(via magnetic monopole charge) with quintessence fields, offering a more physically viable and regular BH solution. This model is
particularly significant in the context of the AdS/CFT correspondence and modern observational advancements.

In the first stage of the analysis, we reviewed the geometric structure of the Bardeen—Kiselev—AdS BH and derived thermodynamic
quantities such as the Hawking temperature and mass via the surface gravity and horizon radius. We demonstrated that the combination
of magnetic charge and quintessence introduces a rich parameter space, wherein the thermodynamic behavior significantly deviates
from traditional singular BH solutions. Our study of Hawking evaporation revealed that in the presence of magnetic charge (¢ # 0),
the BH does not completely evaporate but stabilizes to a finite remnant mass, while in the pure Kiselev—AdS limit (¢ = 0), complete
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Fig. 19 Accretion disk around Bardeen—Kiselev BH for different values of ¢ = 0, 0.1, 0.2, 0.3. Red and blue curves correspond to direct and secondary
images, respectively, for different values of r =9, 17 and 25

evaporation occurs. This finding provides crucial insight into the possible resolution of the information loss paradox via remnant
formation. Next, the evolution of scalar perturbations was analyzed through the Klein—Gordon equation in curved spacetime. The
effective potential and time-domain profiles showed that increasing the quintessence parameter c leads to faster damping of scalar
waves, while higher magnetic charge ¢ introduces stronger trapping potential, indicating enhanced stability. These results reinforce
the idea that dark energy contributes to dissipative dynamics, whereas nonlinear electrodynamic corrections introduce repulsive
cores that can stabilize the spacetime. In the context of Hawking radiation, we derived rigorous bounds on the GFs using the
Visser—Boonserm formalism. We observed that increasing ¢ suppresses the GF, reducing the radiation’s escape probability, while
larger g boosts the GF, enhancing emission. These findings emphasize the delicate balance between gravitational trapping due to
quintessence and radiation leakage induced by magnetic charge, thereby controlling the BH’s evaporation profile and energy loss
rate.

Furthermore, we analyzed the shadow cast by the Bardeen—Kiselev—AdS BH using null geodesics and Hamilton—Jacobi methods.
The results revealed that quintessence shrinks the apparent size of the shadow, while magnetic charge enlarges it. This interplay
directly modifies the photon sphere and the critical impact parameter, establishing clear optical signatures that could potentially
be detected by instruments like the Event Horizon Telescope. Finally, by employing the Novikov—Thorne thin accretion disk
model, we simulated the images of the accretion disk for different values of ¢, ¢, and observer inclination angle 6. The direct and
secondary images exhibited considerable changes in disk brightness, shape, and distortion, with higher ¢ leading to more compact
and compressed images, and increasing ¢ introducing asymmetry and lensing enhancement. These optical deformations provide
observational imprints of the underlying spacetime geometry and the surrounding matter-energy content.
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Fig. 20 Accretion disk around Bardeen—Kiselev BH for different values of observation angle. Red and blue curves correspond to direct and secondary
images, respectively, for different values of r =9, 17 and 25

In our analysis, we observe that the evaporation of the Bardeen—Kiselev BH does not proceed to completion. Instead, the Hawking
temperature decreases to a minimum non-zero value as the horizon radius approaches a critical scale. This behavior leads to a halt
in the evaporation process and results in the formation of a stable black hole remnant characterized by a finite mass and radius.
Physically, this scenario arises due to the combined effects of nonlinear electrodynamics and the surrounding quintessence field,
both of which modify the near horizon structure and regularize the geometry, preventing complete mass loss. Such remnants are
of particular interest in discussions of the information paradox, as they may retain the quantum information encoded during the
collapse and evolution of the BH. While a complete resolution of the paradox requires a fully quantum gravitational treatment,
our results suggest that regular black hole remnants can serve as potential information carriers, avoiding the total destruction of
information that would occur in complete evaporation models. Thus, the existence of long-lived remnants in this spacetime offers a
viable and physically motivated mechanism that contributes to ongoing efforts toward understanding information recovery in black
hole evaporation.
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