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ARTICLE INFO ABSTRACT

Keywords: In this study, we investigate the impact of Horndeski gravity on the shadow radius and weak
Black hole gravitational lensing around black holes, with particular focus on how plasma environments
Gravitational lensing influence these phenomena. By considering various plasma distributions, including homoge-
Modified gravity

neous and inhomogeneous models, we examine how gravitational lensing deviates from the
vacuum case due to both gravitational effects and plasma-induced inhomogeneities. We find
that these deviations can be observed in hot gas environments, such as those within galaxy
clusters. Using the photon orbit equations in Horndeski spacetime, we analyze the black hole
shadow and weak lensing phenomena. By comparing our theoretical predictions to observational
data from the Event Horizon Telescope (EHT) for Sagittarius A*, we constrain key parameters of
Horndeski gravity. Additionally, we explore the magnification and positioning of lensed images,
and provide detailed calculations of the weak deflection angle and magnification for sources
near different galaxies, connecting theoretical models with empirical observations.

Plasma medium

1. Introduction

Black holes represent regions in spacetime where the gravitational field is so intense that no form of matter or radiation, including
light, can escape their event horizon. They constitute fundamental astrophysical laboratories that rigorously test our theoretical
frameworks of gravity, spacetime structure, and fundamental interactions. The study of black holes facilitates the exploration of
extreme regimes of gravity, thereby providing critical insights into the nature of spacetime and underpinning the development
of theories such as general relativity and quantum field theory. Moreover, black holes play an integral role in galactic formation
and cosmic evolution. They are conventionally classified based on their charge and angular momentum into categories such as
non-rotating uncharged (Schwarzschild), rotating uncharged (Kerr), rotating charged (Kerr-Newman), and non-rotating charged
(Reissner-Nordstrom) black holes. Recent high-precision observations, notably those documented in [1-3], provide robust empirical
evidence confirming the existence of spinning black holes in the M87 galaxy and the Sagittarius A* region.
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Solutions describing black holes within Horndeski gravity notably depart from the traditional no-hair theorems by allowing
the presence of scalar hair, which alters both the structure of the spacetime geometry and the dynamical characteristics of the
event horizons [4-6]. Such scalarized black holes have been shown to possess unique signatures that can be observable through
gravitational waves, shadows, and lensing effects. Understanding the impact of Horndeski modifications on light propagation
is, therefore, crucial for connecting theory with astrophysical data. This metric has been recently utilized to analyze particle
dynamics and quasiperiodic oscillations around black holes, providing valuable astrophysical constraints on Horndeski gravity
parameters [7-9]. Building upon these foundations, we employ the same metric framework to investigate weak gravitational lensing
phenomena, aiming to explore how scalar hair modifies light deflection in the weak-field regime. This makes Horndeski gravity an
especially suitable choice for our study, as it allows us to connect well-motivated theoretical deviations from general relativity with
measurable observables such as black hole shadow size and weak lensing, which are already constrained by current EHT data for
Sgr A* and M87* [10,11]. Gravitational lensing occurs when the gravity of massive objects such as stars or galaxies causes light to
bend [12,13]. This bending shifts the apparent position of distant objects in the sky. In some cases, it can produce multiple images
of the same object, although these images may appear distorted or stretched. Additionally, gravitational lensing can brighten very
faint objects, allowing astronomers to observe farther into space [14,15]. It also alters the shapes of background objects, providing
valuable information about the matter located between us and those objects. Light can travel along different paths around the
massive body, resulting in slight time delays in its arrival. Due to these effects, gravitational lensing is a crucial tool in astronomy.
Researchers use it to study distant celestial bodies, map dark matter, which cannot be seen directly, examine the large-scale structure
of the universe, analyze cosmic microwave background radiation, and even detect exoplanets. Moreover, gravitational lensing serves
as an important test for Einstein’s general relativity theory. By reviewing both historical and recent studies, we gain deeper insights
into how this intriguing phenomenon works and its applications in contemporary science [12,16-38]. In gravitational lensing, which
is often described using geometric optics, the main effect studied is the bending angle of light rays. However, when plasma is present,
its dispersive properties can cause additional color-dependent effects, known as chromatic effects [39]. In this work, we adopt two
simple yet astrophysically relevant plasma distributions: a homogeneous model with constant electron density, representative of
diffuse, slowly varying environments, and an inhomogeneous model with colz)(r) X r~!, which approximates density profiles from
spherical accretion flows or isothermal sphere models [39,40]. These choices, widely used in plasma lensing studies [40-42],
allow us to capture the qualitative differences between extended uniform plasma and centrally concentrated plasma near compact
objects. It is well known that light traveling through a transparent but nonuniform medium moves along curved paths rather than
straight lines [43]. Many researchers have explored how plasma influences light propagation in weak gravitational fields using
different spacetime models [40-42,44-52]. Gravitational lensing and black hole shadows provide essential insights into the nature
of spacetime and the principles of general relativity [53]. Gravitational lensing helps map the distribution of dark matter and acts
as a powerful probe into the large-scale structure of the cosmos, serving as a fundamental test of Einstein’s theory [54-57]. This
work focuses on analyzing weak gravitational lensing and the shadow radius in Horndeski spacetime, considering both uniform and
varying plasma environments. By contrasting the adjustments to vacuum lensing resulting from gravitational influences and plasma
irregularities, we reveal the impact of plasma on photon paths, shadow features, and magnification of images. Employing data from
the Event Horizon Telescope (EHT) for Sgr A*, we impose limits on parameters of modified gravity theories, thereby connecting
theoretical predictions with empirical findings and enhancing comprehension of black holes and their immediate surroundings.
Additionally, the study explores how plasma (an ionized hot gas pervasive in the universe) affects gravitational lensing through
processes such as absorption, scattering, and refraction, which alter the trajectory of light through space.[58-61].

This paper is organized as follows: In Section 2, we provide brief review of Horndeski black hole. In Section 3, we give null
geodesic equations in Horndeski spacetime. In Section 4, we probe the Horndeski metric with BH’s shadow, In Section 5, we calculate
deflection angle and magnification in weak field limit surrounded by plasma. Finally, in Section 6, we summarize obtained results.

2. Brief review of Black Hole solutions in Horndeski gravity

In 1974, Gregory Horndeski introduced what is now known as the Horndeski theory [62]. Since then, it has evolved into
a comprehensive and extensively studied framework within the domain of scalar-tensor gravity theories. This theory represents
the most general class of models involving a single scalar field that yields second-order field equations, thereby circumventing
Ostrogradsky instabilities [63]. It offers a powerful approach for addressing fundamental cosmological issues such as dark energy
and the accelerated expansion of the Universe [64]. Furthermore, Horndeski theory provides a robust foundation for exploring black
hole (BH) solutions in the context of modified gravity. It facilitates the examination of potential deviations from General Relativity
and offers critical insights into the behavior of gravity under extreme physical conditions [65].

The spherically symmetric line element describing a BH solution in Horndeski gravity can be expressed as follows [66-68]:

ds® = —f(r)dt* + %dﬂ +r% (d6? +sin> 0d¢?) | 1)
r
where the radial functions f(r) is given by [671,
2M b
=1-=2_ . 2
T @

Here, M represents the black hole mass. The dimensionless parameters g and b have the same sign, while 4 is calculated using the
M; TR . . . .
formula L. The parameter b modulates the non-standard kinetic interaction of the scalar field ¢ with gravity through the term
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Fig. 1. The plot illustrates the metric function f(r) for varying a/M? values, highlighting deviations from the Schwarzschild solution near the
event horizon.

by —-X, where X = —%(04;)2. It also affects the causal structure and stability of the theory by controlling derivative couplings. The
parameter g is coupled with the kinetic term X and determines the magnitude of the canonical kinetic energy of the scalar field,
influencing its evolution under gravitational effects. The parameter h, proportional to Mf, /(16x), modulates the Einstein-Hilbert
term in the action, allowing the model to reduce to conventional general relativity under specific conditions. For simplicity, we

2 2
introduce a new parameter « = zi!—g, treating Zng as a single entity [cite: horn6]. Thus, we can restate the expression as:
2M  «a
f=1-=2-2 @)
rooor

Fig. 1 illustrates the behavior of the metric function f(r) in Horndeski gravity for different values of the dimensionless coupling
parameter a/M?2. Specifically, the function is plotted against the normalized radial coordinate r/M for a/M? = 0 (black solid),
a/M?* = —0.5 (red dashed), and a/M? = 0.5 (blue dotted). As seen in the figure, negative values of a lead to significant modifications
in the near-horizon region, such as the emergence of local extrema and a shift in the event horizon location relative to the
Schwarzschild case.

3. Null Geodesic around black hole

The Hamiltonian formulation for a photon moving through a plasma describes how the photon’s trajectory is influenced by both
gravity and the plasma medium. In this framework, the refractive index n of the plasma modifies the photon’s path, leading to
additional bending effects, especially in regions of high plasma density. These effects can be included by [69]

B

1.
H(x", p,) = Eg“ PaPps )

The spacetime coordinates are denoted by x“, while the associated effective metric g,; can be represented in the form:
gl =g~ — Dui, 5)

Here, n denotes the plasma’s refractive index, while p, and u” represent the photon’s four-momentum and four-velocity, respectively.
Eq. (5) follows from the effective metric formalism for photon propagation in a dispersive medium [39,69-71], where the refractive
index n depends on the local plasma frequency w,(r). The refractive index n is defined as follows [70]:

w,(r)?

2_1_
n" =1 S (6)

In this expression, a)lz,(r) = 4ze?N(r)/m, represents the plasma electron frequency, where e and m, denote the charge and mass of
the electron, and N(r) is the electron number density. The photon frequency w(r), as perceived by a static observer, is determined
using the gravitational redshift formula.

o(r) = —=2 @

Vie
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At spatial infinity, the frequency w, is constant, where f(c0) = 1, and it equals w(c0) = —p,, which represents the photon’s energy
measured at infinity [71]. For light to propagate in plasma, its frequency must surpass the plasma frequency. Accordingly, Eq. (6)
remains valid only if the ratio @,/w is less than one. If this condition is violated, photon propagation ceases. Furthermore, when
wy ~ o, the deflection angle in plasma exceeds that in vacuum considerably, as shown by « > 2R/b, where b is the impact parameter.
Applying Egs. (4) and (6) along with the relation x* = §H /5p,, the components of the photon’s four-velocity vector in the equatorial
plane (6 = z/2,;p, = 0) can be expressed as follows

i = :_; = /:T[:)’ (€)]

= =) ©

b= =2 (10)
From Egs. (9) and (10), we derive an equation for the phase trajectory of light.

dr _ i _ JOrp an

@_(ﬁ_ Py

Using the constraint H = 0 for the photon motion, we can get following equation

2
& VTG | 22 -1, (12)
d¢ pé

where we define [71]

@(r)
() = r? L— ? . 13
n=r [f(r) 2 ] (13)

To determine the radius r,, of the photon sphere, which corresponds to a circular light orbit around a black hole, one must solve
the following equation [71].

d(h*(r)

O =0 14

r=rpp

Different configurations of plasma distribution and their effects will be considered in the sections that follow.

3.1. Homogeneous plasma

In our analysis, we explore two specific functional forms for w,(r). First we use a homogeneous model with constant w,(r),
representing environments where the electron density varies slowly over the photon path, such as in extended diffuse plasma. For
this case Eq. (14) has been numerically analyzed. The corresponding plot is shown in Fig. 2. It is evident that increasing the spacetime
parameter results in a larger photon orbit radius, and the effect of plasma is to further expand the photon sphere.

3.2. Inhomogeneous plasma

We are currently examining photon spheres in an inhomogeneous plasma, where the plasma frequency must adhere to a
straightforward power-law relationship [40,72],

W(r) = 2, as)
P r

where z;, is the free parameter. This approximates density distributions in spherical accretion flows and isothermal spheres [40,
72]. To examine the primary features of the power-law model, we restrict ourselves to this case: a)i(r) ~ % [72]. 2 figure
illustrates how the normalized photon sphere radius r,,/M varies with the spacetime parameter a/M 2 under two different plasma
environments: homogeneous (left panel, where »? = const) and inhomogeneous (right panel, where a)i(r) = z,/r). In both scenarios,
an increase in the plasma parameter leads to a noticeable growth in the photon sphere radius. These results demonstrate that the
presence of plasma enhances photon deflection compared to the vacuum case (wf} = 0), with the effect being more significant
for higher plasma densities. Consequently, distinguishing between homogeneous and non-homogeneous plasma configurations near
black holes based solely on their shadow images remains a considerable challenge. Having derived the key equations governing
photon orbits and the photon sphere in Horndeski gravity, we now turn our attention to their observable consequences. In particular,
we examine how these theoretical predictions compare to the observed black hole shadows and weak gravitational lensing in various
astrophysical environments
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Fig. 2. This graph illustrates the relationship between the radius of the photon sphere r,, /M and the parameter « frequency in a homogeneous
(left panel) and inhomogeneous(right panel) with different values of (uﬁ = const.
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Fig. 3. Illustrations of the radius of the shadow of the black hole as a function of the parameter « for the different coi =zy/r.

4. Analysis of black hole shadows in the presence of a plasma medium

In this part of the study, we explore the behavior of the black hole shadow radius under the Horndeski gravity framework,
accounting for spatially constant and variable plasma profiles. The angular size of the shadow, denoted by «,, is determined via
geometric considerations [41,71]

2
o 1 wp(rp)
L ey "Ry
sin” ag;, = = > R (16)
h2(rg) 2 1 wp(’o)]
0700 el

the parameters r, and r, correspond to the positions of the distant observer and the photon sphere. Under the assumption of a
far-away observer, the black hole shadow radius can be approximated analytically [71]

. 1 a)l%(rp)
Ry, mrysinay, = rIZ) o0 a2 | a7
p 0

This is based on the fact that A(r) — r, which follows from Eq. (13) at spatial infinity for both models of plasma. For vacuum
w(r) = 0, we recover the radius of the Schwarzschild black hole shadow, R, = 3\/§M when r, = 3M. The radius of the black hole
shadow is illustrated for different values of a/M? is displayed in Fig. 3 (left panel) for the homogeneous plasma. Furthermore, we
investigate an inhomogeneous plasma with wﬁ(r) = z,/r in Eq. (15). From Fig. 3 right panel, one can see that due to the presence
of plasma, the black-hole shadow radius decreases.

To constrain these parameters, we use the deviations of the angular diameter of the shadow from the Schwarzschild prediction
as reported by the EHT. Specifically, the EHT Collaboration provides model-independent measurements of the deviation parameter
6 = R/ Ryp senw — 1, where 6, is the expected shadow radius for a Schwarzschild black hole. For M87, the deviation is given as
6 =-0.01+£0.17 at (1o) confidence, while for Sgr A, it is 6 = —0.06 + 0.065 at the 1o level and § = —0.06 + 0.13 at the 26 confidence
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level [2,3]. These plots are intended to assess whether specific black hole spacetime configurations remain consistent with the latest
observational data from the Event Horizon Telescope (EHT), particularly for Sagittarius A* (Sgr A*).

The EHT collaboration has reported that the angular size of the shadow of Sgr A* deviates from the Schwarzschild prediction by
6 = R,/ Ry, schw — 1, which indicates a reduction in the shadow radius compared to the expectation from general relativity for a
Schwarzschild black hole. This constraint defines the allowed parameter space for any alternative or modified gravity models. The
black horizontal band in both panels corresponds to the 16 allowed region from the EHT observation. This is the range where the
predicted shadow radius R, matches the EHT data within one standard deviation. The light gray or light blue regions represent
the 26 confidence level, allowing a broader but still observationally acceptable parameter space.

The green regions are excluded by the EHT observations, as they correspond to predicted shadow radii that deviate significantly
(beyond 2¢) from the observed value.

The black, red dashed, and blue dotted curves correspond to theoretical predictions for Ry, as a function of a/ M?, under different
values of the parameters a)i /wé (left panel) and z,/(M w(z)) (right panel). These parameters can be interpreted as characterizing
various coupling strengths or field configurations in the black hole solution.

Interpretation and Constraint Results From both panels, it is evident that the shadow radius Ry, generally increases with the
parameter «/M?2. However, the degree of increase and whether the theoretical curve passes through the allowed observational
region strongly depends on the values of w?/w; and zo/(M ;). In the left panel, we see that for w?/w; = 0 (black curve), the model

g, the curves shift

remains within the 1o confidence region only for a relatively narrow range of a«/M?. For higher values of a); J®
downward, and for some values of a/M?, they fall entirely into the excluded (green) region.

Similarly, in the right panel, the increase in z, /(M wé) shifts the shadow radius downward. Only for certain values of a/M? does
the curve remain inside the 1o or 2¢ allowed regions.

Thus, the black region in both panels represents the parameter space where the predicted shadow radius is consistent with EHT
observations of Sgr A*. These regions define the viable range of a/ M? for each choice of coupling parameters and can be interpreted
as observational bounds on the theoretical model.

Conclusion This figure demonstrates that the black hole model in Horndeski theory can be consistent with the observed shadow
of Sgr A*, but only for specific combinations of parameters a/M?, wzz)/wé and z,/(M wé). Large deviations from these values are
ruled out by the EHT data. The analysis thus provides a way to observationally constrain the parameter space of the theory using

current black hole imaging results.
5. Weak gravitational lensing in a plasma-filled medium

In this section, we investigate the effects of gravitational lensing around a Horndeski black hole embedded in a plasma medium,
using the weak-field approximation as the analytical framework [39]

8ap = Nap + htxﬂ’ (18)

here, 7,; denotes the background Minkowski metric, and h,; designates the metric perturbation, each with their associated
properties [39]

Nap = diag(=1,1,1,1), 19
hyy <1, hgy—0 under x* > o0 (20)
gl =nt—n¥  n=h, 21

Next, we analyze how a surrounding plasma modifies the bending angle of light rays. In a plasma environment, the deflection angle
is given by [39,45]

A 1 ® o’ Ke 2
b=y [ [(hm o hou = == i N,,.)]dz. (22)

N(x) indicates the number density of the particles in the plasma around the black hole and K, = 4ze?/m, is a constant parameter.
The signs + of d; indicate deflection towards or away from the central object, respectively. At large distances, the black hole metric
can be approximated as

ds? = dsj + hodt* + hyydr?, (23)
The line element is given by ds? = —d? + dr? + r2(d6? + sin® 6d¢$?) and R, is radius of Schwarzschild. In the Cartesian coordinates
the components A, can be given as
Ry  «a
B ==+ %), 24
00 ( p r2> (24
R, «
hje = (T3 + r_2)njnk’ (25)
R
hy = (—S + i) cos? x, (26)
; PR
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Fig. 4. The variation of deflection angle with impact parameter. In the left panel, higher plasma density increases the deflection. In the right
panel, larger a/M? enhances the bending effect.
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Fig. 5. The figure shows how «/M? depends on b/M. In stronger plasma, the value of a increases more quickly.

z

given that cos x = and r = /b2 + z2, where b denotes the impact parameter representing the minimum distance between the

b2+22

photon trajectory and the black hole, these relations allow us to systematically compute the deflection of light under various plasma
distributions.

5.1. Uniform plasma

2

First, we look at a uniform plasma where w: is constant. In this situation, the refractive index does not change with position, so

0
its effect on light bending can be ignored. By integrating Eq. (22), we find the result for the deflection angle
. _ R 1 na 2
au,,,-—7<1+1 w3>+m(l+ wg) 27)
T @ T W

Fig. 4 shows how the total deflection angle ., changes with the impact parameter 5/ M in the case of uniform plasma, where w(z)
is constant. In the left panel, for fixed «/M? = 0.5, a higher plasma frequency ratio wg /w* leads to more bending. In the right panel,
for fixed a)g Jw?* = 0.5, increasing a/M? causes stronger light deflection. Both cases are compared to the standard Schwarzschild
result. Fig. 5 illustrates how the coupling parameter a/M? changes depending on the impact parameter b/ M. The graph shows that
higher impact parameters require larger values of a, and this effect becomes stronger when plasma density increases. The black

solid line shows the Schwarzschild case for comparison.
5.2. Singular isothermal sphere

The Singular Isothermal Sphere (SIS) is the most appropriate model to analyze the properties of a gravitational lens photon. It
was mainly applied to study the features of lenses and clusters. In general, the SIS is a spherical gas cloud with infinite density at
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Fig. 6. This figure shows how dg varies with b/M for different a/ M* and w?/w? values.

its center. The density distribution of an SIS is written as [39,51]
=2 (28)
r) =
’ 27r?

where af implies to a one-dimensional velocity. The plasma distribution is given by the following analytical dispersion relation [39,
51]
Ny =22, 29

Kmp

here, m, denotes the mass of the proton, and & is a dimensionless constant typically associated with the dark matter component of
the universe. Using this, the plasma frequency takes the following form:

2
e0y

a)g =K,N(r) = (30)

—
27erpr

Taking into account the aforementioned properties of the SIS model, we calculate the deflection angle of light, denoted by ag;g,
which can be expressed as the following equation

& 3na>+R§wz( 2 1)

~ _3za 2 1 31
sis ( b 42 )" Bw? \3zb 2 £
where @? is an additional plasma constant, defined by the following analytical expression. [51]
K,o2
: — (32)

¢ 2mkm,R?
S

The variation of the deflection angle dgg with respect to the impact parameter b/ M is presented in Fig. 6, where different values
of the coupling parameter a/M? and the plasma constant ratio »?/w’ are considered. In the left panel, for fixed a/M? = 0.5, the
deflection angle decreases as b/ M increases, with a more noticeable drop at higher a)? /@?. In the right panel, with wg Jw* = 0.5
held constant, increasing «/M? leads to greater deflection in comparison to the Schwarzschild case.Fig. 7 shows how the deflection
angle &g depends on the coupling parameter a/M? for a fixed impact parameter b/ M = 7. The plot indicates that the deflection
angle increases with higher values of a/M?. Additionally, the figure demonstrates that at greater plasma constant ratios ?/w?, the
deflection is slightly weaker for the same a/M?, compared to the Schwarzschild case shown in black.

5.3. Non-singular isothermal sphere

Next, we turn our attention to the analysis of photon motion in the field of a non-singular isothermal sphere (NSIS), which
presents a more physically realistic and applicable structure for our investigation. Unlike the SIS model, this plasma scenario avoids
the singularity by incorporating a finite-sized core at the center of the gas distribution, where the density profile is given by the
following expression

2 2
o) = ——" % i

24,2 2 2
27(re+r2) 1+:_% 2zr:

(33)
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Fig. 7. This figure shows how agg changes with «/M? at fixed b/M =7 and different plasma levels.
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here, the core radius is denoted by r.. In the NSIS framework, the plasma concentration derived from Eq. (29) can be expressed as
follows
o2
Np)= ———— (34)
@ erkmp(r2 + r%)
We obtain the plasma frequency from Egs. (30), (32), and (34) in the following form

2
Ko}

L — (35)
¢ 2mkmy(r? +12)
After analyzing the data, we can use the following formulas for the deflection angle in the NSIS model (see Fig. 9).
A 2R, Sz w?R2b R2w?(r? - 2b%)
Insis = a( 2 22
b 4b wzr‘c‘ 2 +r% 2b*w?r?
) bR, tanh~! —Z¢
[ R b2+r3
+ R b ) (36)
)

2 3
T L N

Figs. 8 and 9 illustrate the behavior of the deflection angle aygg in the NSIS model. The 8 figure shows how aygg decreases
with increasing impact parameter b/ M under different values of a/M? and wf /w?, while the second figure demonstrates its growth
with increasing a/M? for fixed b/ M = 7. In both cases, higher plasma ratios result in slightly reduced deflection compared to the
Schwarzschild baseline [73]. As illustrated in Fig. 10, the deflection angle « as a function of /M is evaluated for four scenarios:
vacuum, uniform plasma, SIS, and NSIS models. Among them, the uniform plasma shows the highest deflection, while the NSIS
yields the lowest. The SIS curve lies slightly above the NSIS, and both remain below the vacuum case, indicating that the presence
and distribution of plasma significantly affect the bending angle, with uniform plasma producing the most pronounced deviation
from the vacuum case.
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Fig. 10. Comparison of light bending @, as a function of the impact parameter b. The fixed parameters are used as the following Z)TU =0.5, % =
05,r, =3.

5.4. Lens equation and magnification

This part focuses on the influence of gravitational lensing on observed brightness, especially in the context of plasma. In
particular, we consider how a uniform plasma medium modifies the magnification of a background light source. The deflection
angle @, introduced in previous sections, is used in the analysis. The lensing configuration, shown in Fig. 11, includes the source,
a black hole acting as a lens, and the observer. To evaluate how much the image of the source is magnified, we employ the lens
equation, which links the angular position of the source g, the image angle 6, and the relevant distances D, and D,,, together with
the deflection angle. [20,22,74-76]:

0D, = fD;+ aD,. (37)
We can approximate the b ~ D,0 relation in weak gravity. After that, we have the following expression.
D,
B=06- #a. (38)
By substituting Eq. (27) into Eq. (38) within a homogeneous plasma context, we obtain a cubic equation in terms of 6.
at® + 56> +c+d =0, (39)

where

10



H. Hoshimov et al. Annals of Physics 482 (2025) 170209

z Source Image
t t /
r Ny >
P
Dds
o /
—> Y
Black Hole
Ds
Dd
b v
Observer
Fig. 11. Schematic view of the gravitational lensing system.
2
=22 2 (40)
Dy 1 w_g
After creating new variable § = y — %, we can convert Eq. (39) to this equation [77]
Y +py+q=0, (41)
where
_e_ B 2 b d (42)
e 32 17708 3 a

It is better to use the Einstein ring 6, which is provided below, instead of M /D,,.

2R, D,
Op = 1) =298 (43)
\ DD,

Then we find the solution to Eq. (41), as described in [78-80].
x =253 cos @ (44)

where

[ 3
s = —5—7, ¢=arccos(—%). (45)

The total magnification of the images is calculated by the ratio of the observer’s solid angles to the source, summed for each image.
In the weak field approximation, the total magnification, represented as uy, is approximately given by [44].

_ Lo _ (‘ik)(%)
=1 =2\ )\ )l

The magnification of the images has three components: two ordinary images and relativistic images caused by the parameter ¢.
Here, 0, is defined as x + /3.

By using some mathematical calculations we can obtain numerical expression for total magnification of image. Fig. 12 illustrates
the behavior of the total magnification y,,; and its individual components as functions of the source position g for different plasma
densities, with a fixed coupling parameter a/M? = 0.1. In the left panel, it is evident that increasing the plasma frequency ratio
wé /w?* enhances the total magnification, especially for small values of f. The right panel presents the normalized contributions of the
individual images to the total magnification. It shows that as § grows, the first image becomes dominant, while the secondary and
tertiary contributions diminish. The inset highlights the behavior of the third image near the lensing axis. In Fig. 13, the variation
of the total magnification u, as a function of the position of the source § for different values of the coupling parameter a/M?2,
under a fixed plasma frequency ratio a)(z) /@?* = 0.75. The plot indicates that larger values of a/M? result in greater magnification,
particularly for small angular separations. The effect gradually decreases as f increases.

k=12, ...n (46)

11
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Fig. 12. This figure presents the variation of total magnification s, (left panel) and the normalized contributions of individual images (right
panel) as functions of the source position f, for different plasma densities and fixed coupling parameter a/M?> = 0.1.
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Fig. 13. This figure shows how the total magnification u,, varies with the source position g for different values of the coupling parameter a/M?,
while the plasma frequency ratio is fixed at a)(z) Jw* = 0.75. Larger a/M? increases magnification at small 4.

Table 1

This graph compares the magnification rates of images in uniform plasma and vacuum scenarios. The table uses
M/D, = 2.26 - 107!!, corresponding to the supermassive black hole at the Milky Way’s center. The parameters
include f = 1 pas, «/M?* = 0.5, and D,/D,, = 2. These values are sourced from [22].

Hal 1,2 }/@?=0.1 wp/@?=0.5 o}/?=0.9 e

TV 1.02349 1.19294 2.15855 3.88937

o/ 1, 1.03162 1.25971 2.55952 -2.88937
Hy/H3* 0.99818 0.91464 0.374768 —6.52382- 10718

In Table 1, the magnification ratios u,/u,*® are compared for three individual images under uniform plasma and vacuum
conditions. The values are provided for different plasma densities (wé /w?), using parameters specific to the Milky Way’s supermassive
black hole. The results indicate that plasma significantly affects magnification, particularly at higher densities. Table 2 presents these
values for various galaxies.

6. Conclusion

In this paper, we have studied the black hole within Horndeski theory of gravity by examining null geodesics, shadows, and
weak gravitational lensing in both homogeneous and inhomogeneous plasma environments. From the above calculations, we can
conclude as follows:

12



H. Hoshimov et al. Annals of Physics 482 (2025) 170209

Table 2

Table 2 provides angular positions and magnifications of secondary, primary, and relativistic images for supermassive
black holes (MDOs) in several galaxies. The data show that primary images dominate in brightness, while relativistic
images have extremely small magnifications across all cases. The Milky Way has the highest relativistic contribution.
All calculation is done with g = I(uas), «/M? = 0.5 and w? /»*=0.5.

Secondary: Primarys Relativistics

MDO in galaxy Osec Hsee Opri Hapri Ore; Hrer

Milky Way —6.77897 3.15666 7.77896 4.15666 8.70217 - 10-° 1.24965 - 10717
NGC4649 -3.17786 1.37292 4.17786 2.37292 2.19094 - 10-° 7.92244 - 1071
NGC4594 -3.07328 1.32162 4.07328 2.32162 2.0658 - 107° 7.04219 - 1071
NGC3115 -2.92767 1.2503 3.92767 2.2503 1.89758 - 107° 5.94204 - 10710
NGC224(M2) —2.74398 1.160525 3.74398 2.16052 1.69534 - 10°° 4.74221 - 1071
1C1459 —2.63044 1.10515 3.63044 2.10515 1.5759 - 10-¢ 4.09932 - 1071
NGC4374 —-2.07365 0.835395 3.07365 1.8354 1.0518 - 10°¢ 1.82633- 1071
NGC4374(M84) —2.01236 0.805932 3.01236 1.80593 1.00035 - 10~¢ 1.65148 - 10710

Testing the null geodesic reveals that photon orbits expand as the parameter a increases. Plasma has a positive effect in both
homogeneous and inhomogeneous scenarios.

Analysis in the weak gravitational field regime reveals that the inclusion of the Horndeski coupling parameter a results in a
reduction of light bending relative to General Relativity predictions.

In the shadow analysis, Ry, increases monotonically with « in vacuum, whereas both homogeneous and centrally concentrated
plasmas with w?(r) « r~! shift Ry, to smaller values. This a-plasma degeneracy implies that shadow-size constraints should be
interpreted jointly with plasma information.

In the weak-lensing sector, different plasma distributions yield ordered departures from vacuum: a uniform (homogeneous)
plasma produces the largest reduction in bending/magnification, SIS gives intermediate changes, and NSIS the smallest, for
the same ratio a)i Jw?.

The frequency dependence introduced by plasma (chromaticity) leads to image positions and magnifications that vary with
observing frequency; in the high-frequency limit (w > ), our results smoothly recover the achromatic predictions of General
Relativity.

Consistency and outlook: all expressions reduce to the Schwarzschild-vacuum limits as @ — 0 and ®, — 0, supporting the
robustness of our framework. Extending to rotating Horndeski black holes, strong-deflection lensing, and multi-frequency ray
tracing against EHT/ngEHT data can further tighten bounds on « and on plasma profiles.

Also, we have studied the influence of plasma in radius of the shadow. Our constraint showed that allowed values of the
parameter « is from approximately —0.88 to 0.46 in 20, while these values are —0.64 + 0.025 in 1o confidence level in the
absence of plasma. Due to the possible existence of plasma environment, these parameter range may change.
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