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Editor: Yasaman Farzan The exploration of black holes in the presence of dark photon fields offers a compelling path-

X & way to investigate hidden sector interactions and their gravitational impacts. We analyze static,
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teractions and higher-order magnetic dipole corrections. These modifications are introduced via

Shadow images

Superradiance a generalized energy-momentum tensor sourced by the dark photon field, resulting in a nontrivial
Angular momentum deformation of the spacetime geometry. We investigate the dynamics of massless and massive par-
Orbital velocity ticles, emphasizing the influence of dark sector parameters on effective potentials, photon spheres,

and circular geodesics. Notably, the innermost stable circular orbit radius, particle energy, and
angular momentum exhibit sensitive dependence on m,, and g,, suggesting observable devia-
tions in accretion disk behavior and gravitational wave emissions. Through numerical analysis,
we compute the shadow radius R, and demonstrate that dark photon corrections either compress
or enlarge the black hole shadow, depending on the interplay between Yukawa screening and
gauge coupling. The geodetic precession frequency Ogpy is also shown to vary significantly from
classical expectations, pointing to dark-sector-induced frame-dragging effects. Additionally, we
explore the superradiance phenomenon by solving the Klein-Gordon equation for charged scalar
perturbations in the modified background. Our results identify conditions for wave amplification
and highlight how dark photon interactions can enhance or suppress the superradiant scattering
regime. Overall, this study presents a unified framework that connects dark photon physics with
black hole thermodynamics, geodesic motion, optical properties, and stability.
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$U(1)$


$f(r)$


\begin {equation}ds^2 = -f(r) \, dt^2 + \frac {dr^2}{f(r)} + r^2 \bigg ( d\theta ^2 + \sin ^2 \theta \, d\phi ^2 \bigg ), \label {eq:metric}\end {equation}


$f(r)$


\begin {equation}\rho (r) = \frac {1}{4\pi } \, \Delta V(r), \label {eq:rho}\end {equation}


\begin {equation}V(r) = V_{\text {min}}(r) + V_{\text {MD}}(r), \label {eq:Vtotal}\end {equation}


\begin {equation}V_{\text {min}}(r) = -\frac {g_D^2}{4\pi } \frac {e^{-m_{A'} r}}{r}, \label {eq:Vmin}\end {equation}


\begin {equation}V_{\text {MD}}(r) \approx -\frac {\mu _f^2}{\Lambda ^2} \frac {1}{4\pi } \frac {e^{-m_{A'} r}}{r^3} \Bigg [ \boldsymbol {\sigma }_1 \cdot \boldsymbol {\sigma }_2 - 3 (\boldsymbol {\sigma }_1 \cdot \hat {\mathbf {r}})(\boldsymbol {\sigma }_2 \cdot \hat {\mathbf {r}}) \Bigg ] \equiv -\frac {\mu _f^2}{\Lambda ^2} \frac {1}{4\pi } \frac {e^{-m_{A'} r}}{r^3} S_{12}. \label {eq:VMD}\end {equation}


$g_D$


$m_{A'}$


$U(1)$


$\mu _f$


$\Lambda $


$S_{12}$


$S_{12} = [\boldsymbol {\sigma }_1 \cdot \boldsymbol {\sigma }_2 - 3(\boldsymbol {\sigma }_1 \cdot \hat {r})(\boldsymbol {\sigma }_2 \cdot \hat {r})]$


$r$


\begin {equation}\Delta V_{\text {min}}(r) = -\frac {g_D^2 m_{A'}^2}{4\pi } \frac {e^{-m_{A'} r}}{r} + g_D^2 \delta ^{(3)}(\vec {r}), \label {eq:laplacian:min}\end {equation}


\begin {equation}\Delta V_{\text {MD}}(r) \approx -\frac {\mu _f^2}{\Lambda ^2} \frac {1}{4\pi } e^{-m_{A'} r} \left ( \frac {m_{A'}^2}{r^3} + \frac {4m_{A'}}{r^4} + \frac {6}{r^5} \right ) S_{12}. \label {eq:laplacian:md}\end {equation}


$r > 0$


\begin {equation}\rho (r) = -\frac {g_D^2 m_{A'}^2}{(4\pi )^2} \frac {e^{-m_{A'} r}}{r} - \frac {\mu _f^2 S_{12}}{\Lambda ^2 (4\pi )^2} e^{-m_{A'} r} \left ( \frac {m_{A'}^2}{r^3} + \frac {4m_{A'}}{r^4} + \frac {6}{r^5} \right ). \label {eq:rho:inal}\end {equation}


$tt$


\begin {equation}\frac {r f'(r) + f(r) - 1}{r^2} = -8\pi \rho (r), \label {eq:ein}\end {equation}


\begin {equation}\frac {d}{dr} \bigg [ r f(r) \bigg ] = 1 + \frac {g_D^2 m_{A'}^2}{2\pi } r e^{-m_{A'} r} + \frac {\mu _f^2 S_{12}}{2\pi \Lambda ^2} e^{-m_{A'} r} \left ( \frac {m_{A'}^2 r}{1} + \frac {4 m_{A'}}{1} + \frac {6}{r} \right ). \label {eq:derivative:rf}\end {equation}


$C = -2M$


$r$


\begin {equation}f(r) = 1 - \frac {2M}{r} - \frac {g_D^2 m_{A'}}{2\pi } \frac {e^{-m_{A'} r}}{1} - \frac {g_D^2}{2\pi } \frac {e^{-m_{A'} r}}{r} + \frac {\mu _f^2 S_{12}}{2\pi \Lambda ^2} \frac {I(r)}{r}, \label {eq:metri:final}\end {equation}


\begin {equation}I(r) = -2 m_{A'}^2 \, \text {Ei}(-m_{A'} r) - \frac {m_{A'} e^{-m_{A'} r}}{r} - \frac {3 e^{-m_{A'} r}}{r^2}, \label {eq:I:r}\end {equation}


$\text {Ei}(z)$


$m_{A'} r \ll 1$


$e^{-m_{A'} r} \approx 1$


$\text {Ei}(-m_{A'} r) \approx \gamma + \ln (m_{A'} r)$


\begin {equation}f(r) \approx 1 - \frac {2M}{r} + \frac {g_D^2}{2\pi r} (m_{A'} r + 1) + \frac {\mu _f^2 S_{12}}{2\pi \Lambda ^2} \left [ \frac {2 m_{A'}^2 (\gamma + \ln (m_{A'} r))}{r} + \frac {m_{A'}}{r^2} + \frac {3}{r^3} \right ], \label {eq:small_r}\end {equation}


$\gamma \approx 0.5772$


$m_{A'} r \gg 1$


$\text {Ei}(-m_{A'} r) \approx -\frac {e^{-m_{A'} r}}{m_{A'} r}$


\begin {equation}f(r) \approx 1 - \frac {2M}{r} + \frac {g_D^2}{2\pi } \frac {e^{-m_{A'} r}(m_{A'} r + 1)}{r}- \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{2\pi \Lambda ^2 r^2}. \label {eq:correction_term}\end {equation}


$M$


$G = c = 1$


$r \sim 1/m_{A'}$


$r$


$r \rightarrow \infty $


$r = r_+$


$f(r_+) = 0$


\begin {equation}M = \frac {r_+}{2} \bigg [ 1 + \frac {g_D^2}{2\pi } \frac {e^{-m_{A'} r_+}(m_{A'} r_+ + 1)}{r_+} - \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r_+}}{2\pi \Lambda ^2 r_+^2} \bigg ]. \label {eq:mass_expression}\end {equation}


$\kappa = \frac {f'(r_+)}{2}$


\begin {equation}T_H = \frac {f'(r_+)}{4\pi }, \label {eq:Hawking_temp}\end {equation}


\begin {equation}f'(r_+) = \frac {2M}{r_+^2} - \frac {g_D^2}{2\pi } \Bigg [ m_{A'}^2 e^{-m_{A'} r_+} + \frac {e^{-m_{A'} r_+}(m_{A'} r_+ + 1)}{r_+^2} \Bigg ] + \frac {\mu _f^2 S_{12}}{2\pi \Lambda ^2} \Bigg [ \frac {m_{A'} e^{-m_{A'} r_+}}{r_+^2} + \frac {2 e^{-m_{A'} r_+}}{r_+^3} \Bigg ]. \label {eq:fprime}\end {equation}


$g_D$


$m_{A'}$


$\theta = \pi /2$


$\dot {\theta } = 0$


$g_{\mu \nu }$


\begin {equation*}\mathcal {L} = \frac {1}{2} g_{\mu \nu } \dot {x}^\mu \dot {x}^\nu ,\end {equation*}


$\tau $


\begin {equation}\mathcal {L} = \frac {1}{2} \left ( -f(r) \dot {t}^2 + \frac {\dot {r}^2}{f(r)} + r^2 \dot {\phi }^2 \right ). \label {eq:lagrangian}\end {equation}


$g_{\mu \nu }$


$(t, \phi )$


$\xi ^{(t)}$


$\xi ^{(\phi )}$


$E$


$L$


\begin {align}E &= f(r) \dot {t}, \label {eq:energy} \\ L &= r^2 \dot {\phi }. \label {eq:angmomentum}\end {align}


$r$


\begin {equation}\dot {r}^2 + V_{\text {eff}}(r) = E^2, \label {eq:radialgeo}\end {equation}


$V_{\text {eff}}(r)$


$\kappa = 0$


$\kappa = -1$


\begin {equation}V_{\text {eff}}(r) = \left (-\kappa + \frac {L^2}{r^2} \right ) \left [ 1 - \frac {2M}{r} + \frac {g_D^2}{2\pi r} e^{-m_{A'} r}(m_{A'} r + 1) - \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{2\pi \Lambda ^2 r^2} \right ]. \label {eq:veff}\end {equation}


$g_D$


$m_{A'}$


$g_D$


$m_{A'}$


$\kappa = 0$


\begin {equation}V_{\text {eff}}(r) = \left (\frac {L^2}{r^2} \right ) \left [ 1 - \frac {2M}{r} + \frac {g_D^2}{2\pi r} e^{-m_{A'} r}(m_{A'} r + 1) - \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{2\pi \Lambda ^2 r^2} \right ]. \label {eq:veff:null}\end {equation}


$g_D$


$m_{A'}$


$V_{\text {eff}}(r)$


$r/M$


$m_{A'} M$


$M=g_D=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$V_{\text {eff}}(r)$


$r/M$


$m_{A'}M$


$g_D$


$M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$V_{\text {eff}}(r)$


$m_{A'}$


$g_D$


$m_{A'}$


$g_D$


$m_{A'}$


$V_{\text {eff}}(r)$


$V_{\text {eff}}(r)$


$r/M$


$g_D$


$M=m_{A'}M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$g_D$


$g_D$


$m_{A'}$


$g_D$


$m_{A'}$


$g_D$


$V_{\text {eff}}(r)$


$r/M$


$V_{\text {eff}}(r)$


$f(r)$


$g_D$


$m_{A'}$


$\dot {r} = 0$


$\ddot {r} = 0$


\begin {equation}V_{\text {eff}}(r) = E^2, \quad V'_{\text {eff}}(r) = 0. \label {eq:null_cond}\end {equation}


$\beta _c$


\begin {equation}\frac {1}{\beta _c} = \frac {E}{L} = \frac {1}{r_c} {\bigg (1 - \frac {2M}{r_c} + \frac {g_D^2}{2\pi r_c}{e^{-m_{A'} r_c}(m_{A'} r_c + 1)}- \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r_c}}{2\pi \Lambda ^2 {r_c}^2}\bigg )}^{1/2}, \label {eq:betac}\end {equation}


$r_c$


\begin {equation}2 f(r_c) = r_c f'(r_c). \label {eq:photon:sphere}\end {equation}


$g_D$


$m_{A'}$


\begin {equation}F_{\text {ph}} = -\frac {1}{2} V'_{\text {eff}}(r). \label {eq:photon_force}\end {equation}


$V_{\text {eff}}(r)$


\begin {equation}F_{\text {ph}} = \frac {L^2}{r^3} \bigg ( 2 f(r) - r f'(r) \bigg ), \label {eq:photon_force_explicit}\end {equation}


\begin {align}\nonumber F_{\text {ph}} &= \frac {L^2}{r^3} \Bigg \{ 2 - \frac {4M}{r} + \frac {g_D^2}{\pi r} e^{-m_{A'} r}(m_{A'} r + 1) - \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{\pi \Lambda ^2 r^2}- \Bigg [ \frac {2M}{r} + \frac {g_D^2}{2\pi } e^{-m_{A'} r}\bigg ( - \frac {1}{r}(m_{A'} r + 1) - m_{A'}^2 r \bigg ) \quad \\ \label {eq:photon_force_series} &\qquad + \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{2\pi \Lambda ^2}\bigg ( \frac {2}{r^2} + \frac {m_{A'}}{r}\bigg ) \Bigg ] \Bigg \}.\end {align}


$f(r)$


$g_D$


$m_{A'}$


$g_D$


$m_{A'}$


$F_{\text {ph}}M^{2}$


$r/M$


$m_{A'}M$


$M=g_D=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$F_{\text {ph}}M^{2}$


$r/M$


$m_{A'}M$


$g_D$


$M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$F_{\text {ph}}$


$r$


$m_{A'}$


$g_D$


$m_{A'}$


$g_D$


$m_{A'}$


$F_{\text {ph}}$


$r$


$F_{\text {ph}}M^{2}$


$r/M$


$g_D$


$M=m_{A'}M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$g_D$


$m_{A'}$


$g_D$


$g_D$


$m_{A'}$


$V_{\text {eff}}(r)$


$f(r)$


$F_{\text {ph}}$


$F_{\text {ph}}M^{2}$


$r/M$


$F_{\text {ph}}$


$r$


$F_{\text {ph}}$


$f(r)$


$V_{\text {eff}}(r)$


$g_D$


$m_{A'}$


$(T_\tau )$


$(T_t)$


\begin {equation}T_\tau = \frac {2 \pi r_c^2}{L}.\label {eq:proper_time_period}\end {equation}


$r_c$


$L$


$T_t$


\begin {equation}T_t = 2 \pi |\beta _c| = \sqrt { \frac {2 \pi r_c}{f(r_c)}} = \sqrt { \frac {2 \pi r_c}{1 - \frac {2M}{r_c} + \frac {g_D^2}{2\pi } \frac {e^{-m_{A'} r_c}(m_{A'} r_c + 1)}{r_c}- \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r_c}}{2\pi \Lambda ^2 {r_c}^2}}}, \label {eq:coordinate_time_period}\end {equation}


$r_c$


\begin {equation}\lambda ^{\text {null}}_L = \sqrt { -\frac {V''_{\text {eff}}}{2 \dot {t}^2}}. \label {eq:lyapunov_general}\end {equation}


\begin {equation}\lambda ^{\text {null}}_L = \sqrt { f(r_c) \left ( \frac {f(r_c)}{r_c^2} - \frac {f''(r_c)}{2} \right ) }. \label {eq:lyapunov:explicit}\end {equation}


$f(r)$


\begin {equation}\label {d} \begin {split} \lambda ^{\text {null}}_L =& \frac {1}{4 \pi ^{3/2}}(-\frac {1}{{\Lambda ^6 r^{10}}}\bigg (e^{-3 m_{A'} r} {\bigg (\Lambda ^2 r (g_D^2+2 \pi e^{m_{A'} r} (r-2 M))+m_{A'}(g_D^2 \Lambda ^2 r^2-S_{12} u^2)\bigg )}^2 ({m_{A'}}^3(r^2 S_{12} \mu _f^2\\ &-g_D^2 \Lambda ^2 r^4)+{m_{A'}}^2(4 rS_{12}\mu _f^2-g_D^2 \Lambda ^2 r^3)-2 \Lambda ^2 r (g_D^2-4 \pi M e^{m_{A'} r})+m_{A'} (6 S_{12}\mu _f^2-2 g_D^2 \Lambda ^2 r^2))\bigg )){}^{\frac {1}{2}}. \end {split}\end {equation}


$g_D$


$m_{A'}$


$g_D$


$\kappa =-1$


\begin {equation}V_{\text {eff}}(r) = \left (1 + \frac {L^2}{r^2} \right ) \left [ 1 - \frac {2M}{r} + \frac {g_D^2}{2\pi r} e^{-m_{A'} r}(m_{A'} r + 1) - \frac {\mu _f^2 S_{12} m_{A'} e^{-m_{A'} r}}{2\pi \Lambda ^2 r^2} \right ]. \label {eq:veff_timelike}\end {equation}


$r$


$V_{\text {eff}}(r)$


$\dot {r} = \ddot {r} = 0$


$u^r = \dot {u}^r = 0$


\begin {equation}E^2 = V_{\text {eff}}(r), \qquad \frac {dV_{\text {eff}}}{dr} = 0. \label {eq:circular_conditions}\end {equation}


$E$


$L$


$\Omega \equiv \dfrac {d\phi }{dt} = \dfrac {u^\phi }{u^t}$


\begin {equation}E^2= \frac {2 f^2(r)}{2 f(r) - r f'(r)}, \label {eq:E_circular}\end {equation}


$V_{\text {eff}}(r)$


$r/M$


$m_{A'}M$


$M=g_D=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$V_{\text {eff}}(r)$


$r/M$


$V_{\text {eff}}(r)$


$m_{A'}$


$g_D$


$m_{A'}$


$V_{\text {eff}}(r)$


$r/M$


$g_D$


$M=m_{A'}M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$g_D$


$V_{\text {eff}}(r)$


$r/M$


$m_{A'}M$


$g_D$


$M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$m_{A'}$


$g_D$


$V_{\text {eff}}(r)$


$f(r)$


\begin {align*}E^2 =& { \bigg [ 4\pi \Lambda ^2\thinspace M r_c\, e^{m_{A'} r_c} - \Lambda ^2 g_D^2 r_c (m_{A'} r_c + 1) - 2\pi \Lambda ^2 r_c^2\, e^{m_{A'} r_c} + S_{12} m_{A'} \mu _f^2 \bigg ]}^2 e^{-m_{A'} r_c} {\left ( \pi \Lambda ^2 r_c^2 {\left [ 8\pi \Lambda ^2\thinspace M r_c\, e^{m_{A'} r_c} \right .} \right .}\\ &- 2 \Lambda ^2 g_D^2 r_c (m_{A'} r_c + 1) - 4\pi \Lambda ^2 r_c^2\, e^{m_{A'} r_c} + 2 S_{12} m_{A'} \mu _f^2+ r_c^2 \Bigg ( 4\pi \Lambda ^2\thinspace M r_c\, e^{m_{A'} r_c} + \Lambda ^2 g_D^2 r_c (m_{A'}^2 r_c^2 + m_{A'} r_c + 1) \\ &- {\left .{\left .{\left . S_{12} m_{A'} \mu _f^2 (m_{A'} r_c + 2) \right )}\right ]}\right )}^{-1}\end {align*}


$E^2$


$r/M$


$m_{A'}M$


$M=g_D=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$E^2$


$r/M$


$r$


$m_{A'}$


$g_D$


$m_{A'}$


$E^2$


$r/M$


$g_D$


$M=m_{A'}M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$g_D$


$E^2$


$E^2$


$r/M$


$m_{A'}M$


$g_D$


$M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$m_{A'}$


$g_D$


$m_{A'}$


$g_D$


$f(r)$


$E^2$


\begin {equation}L^2= \frac {r^3 f'(r)}{2 f(r) - r f'(r)}, \label {eq:L_circular}\end {equation}


\begin {align*}L^2 =& \Bigg ( r_c^4 \bigg [ -4\pi \Lambda ^2\thinspace M r_c e^{m_{A'} r_c} -\Lambda ^2 g_D^2 r_c \left (m_{A'}^2 r_c^2 + m_{A'} r_c + 1 \right ) + S_{12} m_{A'} \mu _f^2 (m_{A'} r_c + 2) \bigg ]\Bigg )\Bigg ( 8\pi \Lambda ^2\thinspace M r_c e^{m_{A'} r_c} - 2 \Lambda ^2 \\ \times &g_D^2r_c (m_{A'} r_c + 1) - 4\pi \Lambda ^2 r_c^2 e^{m_{A'} r_c} + 2 S_{12} m_{A'} \mu _f^2 + r_c^2\bigg [ 4\pi \Lambda ^2\thinspace M r_c e^{m_{A'} r_c} + \Lambda ^2 g_D^2 r_c (m_{A'}^2 r_c^2 + m_{A'} r_c + 1) - S_{12}\\ \times & {\left .{\left . m_{A'} \mu _f^2 (m_{A'} r_c + 2)\right ]}\right )}^{-1}.\end {align*}


$L^2/M$


$r/M$


$m_{A'}M$


$M=g_D=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$L^2/M$


$r/M$


$r$


$m_{A'}$


$L^2$


$L^2/M$


$r/M$


$g_D$


$M=m_{A'}M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$g_D$


$L^2/M$


$r/M$


$m_{A'}M$


$g_D$


$M=0.5,$


$\mu _f=S_{12}=1$


$\Lambda =1.7$


$m_{A'}$


$g_D$


$g_D$


$m_{A'}$


$f(r)$


$L^2$


\begin {equation}{\Omega _{\phi }}^2= \frac {1}{2r} f'(r). \label {eq:omega_circular}\end {equation}


\begin {align*}{\Omega _{\phi }}^2 &=(e^{-m_{A'} r} \left ({m_{A'}}^2 \left (r S_{12} \mu _f^2-{g_D}^2 \Lambda ^2 r^3\right )-\Lambda ^2 r \left (g^2-4 \pi M e^{m_{A'} r}\right )+m_{A'} \left (2 S_{12} \mu _f^2 - {g_D}^2 \Lambda ^2 r^2\right )\right ))(4 \pi \Lambda ^2 r^4)^{-1}\end {align*}


$V_{\text {eff}}(r)$


\begin {equation}\frac {d^2 V_{\text {eff}}}{dr^2} > 0, \label {eq:stable_condition}\end {equation}


\begin {equation}\frac {d^2 V_{\text {eff}}}{dr^2} < 0. \label {eq:unstable_condition}\end {equation}


\begin {equation}\frac {d^2 V_{\text {eff}}}{dr^2} = 0, \label {eq:isco_condition}\end {equation}


\begin {equation}\frac {dV_{\text {eff}}}{dr} = 0, \qquad \frac {d^2 V_{\text {eff}}}{dr^2} = 0. \label {eq:isco_conditions}\end {equation}


$r_{\text {ISCO}}$


$L$


$L$


$r_{\text {ISCO}}$


$L_{\text {ISCO}}$


$E_{\text {ISCO}}$


$m_{A'}$


$g_D$


$r_{\text {ISCO}}/M$


$E_{\text {ISCO}}$


$L_{\text {ISCO}}/M$


$m_{A'}M$


$M = 1$


$r_{\text {ISCO}}/M$


$E_{\text {ISCO}}$


$L_{\text {ISCO}}/M$


$m_{A'}M$
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1. Introduction

The study of black holes (BHs) remains a central theme in theoretical physics, with implications for quantum gravity, astrophysics,
and cosmology. In recent years, the exploration of modified gravity theories and beyond-Standard-Model physics has led to the
incorporation of additional fields and interactions into the structure of BHs. One such intriguing proposal involves the inclusion of
dark photons, which arise from a hidden U(1) gauge symmetry associated with the dark matter sector [1-3]. These fields can interact
with standard matter either through kinetic mixing or higher-order operators, resulting in novel corrections to the gravitational field
equations. In this context, studying solutions within dark photon model (DPM) provides a promising avenue for probing the imprints
of dark sector physics on gravitational systems. In particular, dark photons can give rise to Yukawa-type corrections and magnetic
dipole-type interactions that modify the spacetime geometry near compact objects. These higher-order corrections become especially
significant in strong-field regimes, such as the vicinity of BHs. The resulting modifications to the metric function affect not only the
BH’s horizon structure and thermodynamics but also the motion of test particles, optical characteristics like shadows, and dynamical
processes such as superradiance. Previous investigations into BHs with nonminimal couplings and hidden sector fields have revealed
a wide range of physical effects [4-6].

The dynamics of massless and massive particles in curved spacetimes is a powerful tool for understanding the geometry of a given
BH solution. Geodesic motion provides insight into observational phenomena such as lensing, time delay, and the structure of accretion
disks. In the presence of dark photon corrections, the effective potential governing particle motion is significantly altered, leading
to deviations from Schwarzschild or RN-like trajectories. Studies of null geodesics in modified gravity theories [7-9] have shown
that additional fields can shift the location of photon spheres, alter the stability of circular orbits, and affect observable quantities
such as the innermost stable circular orbit (ISCO) and Lyapunov exponents. One of the most prominent observational features of
BHs is their shadow, which arises due to the capture of light by the photon sphere and serves as a silhouette against a backdrop of
luminous matter. The recent observations by the Event Horizon Telescope have provided the first direct images of BH shadows [10],
inspiring numerous theoretical models that incorporate deviations from general relativity. In this vein, the impact of dark photons
on the shadow is a subject of considerable interest, as modifications to the lapse function can lead to measurable changes in the
shadow radius and its deformation [11-13]. The shadow’s size, shape, and distortion are directly linked to the underlying spacetime
geometry and can be used to constrain the parameter space of dark sector models.

Another fascinating phenomenon that connects quantum field theory with general relativity is the process of superradiance. This
refers to the amplification of waves scattered off a rotating or charged , provided the frequency of the incident wave lies within a
specific regime [14,15]. The existence of light bosonic fields, such as dark photons, can trigger superradiant instabilities, potentially
leading to the formation of gravitational atoms or affecting the spin evolution of BHs. Studies have shown that the coupling between
scalar or vector fields and spacetimes can significantly enhance superradiant amplification [16,17]. In our case, the inclusion of
higher-order corrections in the DPM modifies the effective potential for scalar perturbations and changes the conditions for wave
amplification.

Despite the remarkable success of general relativity in describing gravitational phenomena, the nature of dark matter and its inter-
action with gravity remains one of the most profound unresolved problems in modern physics. Among various candidates proposed
to mediate interactions within the dark sector, dark photons gauge bosons associated with a hidden U(1) symmetry have emerged
as promising extensions of the Standard Model. These fields can couple to ordinary matter through kinetic mixing or higher-order
operators and are capable of inducing nontrivial modifications to the spacetime geometry around compact objects. The BHs, being
natural laboratories for extreme gravitational environments, offer an ideal platform to investigate such hidden sector effects. The
incorporation of dark photon-induced corrections specifically Yukawa type and magnetic dipole interactions into metrics not only
enriches our theoretical understanding of modified gravity but also yields potentially observable signatures, such as changes in hori-
zon structure, orbital dynamics, shadow deformation, and superradiant scattering. This study is motivated by the need to bridge the
gap between gravitational theory and dark sector physics by exploring how dark photons imprint themselves on thermodynamics,
particle motion, and optical features. By constructing and analyzing BH solutions within this framework, we aim to provide new
insights into the interplay between dark matter interactions and strong-field gravity, with implications for both fundamental theory
and astrophysical observations.

The paper is organized as follows. In Section II, we provide static, spherically symmetric solutions in DPM with higher-order
corrections and analyze the modified metric function. Section III investigates the dynamics of massless and massive particles by
examining the effective potential, circular orbits, and stability conditions. In Section IV, we study the optical appearance of the BH,
including the photon sphere and shadow radius, highlighting the effects of dark photon parameters. Section V is devoted to the
phenomenon of superradiance, where we solve the charged Klein-Gordon equation in the modified geometry and identify conditions
for wave amplification. Finally, we conclude with a summary of the key findings and their physical implications in the concluding
section.

2. Black hole solutions in dark photon models with higher order corrections

The exploration of solutions in the presence of dark photon fields provides a framework to understand potential interactions
between dark matter and gravity. Dark photons arises from a U(1) gauge symmetry, offer a natural extension to the standard model
of particle physics and introduce nontrivial corrections to the classical Einstein field equations. In this section, we consider a static,
spherically symmetric solution that incorporates both minimal (Yukawa-type) and higher-order magnetic dipole interactions associ-
ated with the dark photon field. These interactions yield a modified metric function f(r) that encapsulates the energy-momentum

2
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contributions from the dark sector. By analyzing the resulting spacetime geometry, we aim to elucidate the physical implications
of such corrections, particularly their influence on the BH’s horizon structure, energy density, and thermodynamic properties. This
analysis sets the foundation for examining the dynamical and observational features of these modified configurations in subsequent
sections. We start by considering static, spherically symmetric BH solution

ds* = —f(r)di* + }%2) +r2 <d92 + sin’ edqbz), W

where f(r) is metric function captures the gravitational modifications arising from the dark photon sector. The effective energy density
contributed by the dark photon can be obtained from the Laplacian of the potential corrections, as shown in [18,19]

1
p(r) = n AV (r), (2)
T
Consequently, the full effective potential is given by [20]
V() = Viin(r) + Vup (1), 3)

where we include both minimal (Yukawa) and magnetic dipole contributions. The corresponding potentials are expressed as

2
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where the negative sign in the potential terms suggests possible violations of classical energy conditions near the BH. The coupling
constant g, quantifies the strength of interaction between dark matter and the dark photon field [21]. The quantity m 4, represents the
mass of the dark photon, a gauge boson associated with a hidden U (1) symmetry. The symbol ., stands for the magnetic dipole moment
of the dark matter fermion, while A is the energy scale at which higher-dimensional operators from new physics become relevant.
The term S, is the spin-tensor interaction factor, defined as S|, = [o, - 6, — 3(6, - F)(05 - /)], which encodes spin-spin couplings
between fermionic dark matter particles. Finally, r is the radial coordinate measuring the distance from the center. We compute the
corresponding Laplacians as detailed in [20]

2,2
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Ignoring delta-function terms for > 0, the energy density is given by [20]
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Therefore, the modified Einstein equation for the f#-component takes the form
rf'(ry+ f(r)—1
% = —8xp(r), ()
r
which results in
2.2 29 2
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By integrating and choosing the integration constant C = —2M to ensure the Schwarzschild behavior is recovered at large r, we arrive
at
2
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1M L 11
A r 27 1 27  r * 272 r an

where

mA/e""A” 3e~Marr

o (12)

I(r) = =2m’, Bi(=m yr) —

where Ei(z) denotes the exponential integral function. Under the weak-field approximation, the metric function simplifies to more
manageable analytical expressions in two limiting cases:
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1. Small-distance limit (m, r < 1):
At short distances, using the approximations e™"4'" ~ 1 and Ei(—m 4, r) ~ y + In(m 4 r), one obtains

2 281, [ 2m? 1
2M  &p WeSia | 2my,(y +In(myir))  my,, 3
f(r)Nl—T+2—m(mArr+1)+ AN B r_z "—3 s 13)
where y ~ 0.5772 is the Euler-Mascheroni constant.
2. Large-distance limit (m 4 r > 1):
At large distances, one finds Ei(—m 4/ r) ~ —%, yielding [20]
A/
2 _ 29 —myrr
&p e M (myr+1) HponMmae
fom1-2M ST eert D) G 14

2z r 2722

where parameter M denotes the mass of the in geometric units (G = ¢ = 1). Physically, the Yukawa-type correction (second term)
dominates at intermediate distances (r ~ 1/m,,), whereas the magnetic dipole correction (third term) becomes significant at shorter
distances due to its faster decay with r. As r — oo, both correction terms vanish, and the spacetime asymptotically approaches the
standard Schwarzschild geometry. The mass of BH solutions in DPMs is not a fixed parameter but is influenced by the interactions
between the BH and dark photons. These interactions can modify the spacetime geometry near the BH, leading to changes in observable
quantities such as the horizon radius and Hawking temperature. The event horizon r = r of the metric given in Eq. (14) is defined
by the condition f(r,) = 0. At large distances, this horizon condition determines the mass as follows

2 —myr 2.8 e AT+
r &h e M v (myry, + 1)  Hpo12Mar
M=2t|14+2 AT S

2 2z ry 27 A? ri

(15)

In DPM, the Hawking temperature of BH solutions can be modified by the presence of dark photons, which are particles associated
with DM. Dark photons can couple to standard electromagnetic fields or directly affect the spacetime geometry around BHs, which
in turn influences their thermodynamic properties, including their Hawking temperature. The Hawking temperature, defined via the

U
surface gravity k = L (2”), becomes
!
(ry)
Ty = f_+ (16)
4r
with
2
, _ 2M _ g%) 2 mgry e_mA'r+(mArr+ +1) ﬂfSIZ mA,e_mA”'+ De~MAl T+
[y = — — 5 |mye + 5 5 5 + 3 a7
o2 ry 2zA s s

These expressions clearly illustrate the physical impact of dark photon corrections, showing changes in both the horizon radii and
the temperature.

Having established the modified BH solutions in the presence of dark photon fields with Yukawa-type and higher-order magnetic
dipole corrections, it is natural to explore how these deformations influence the motion of test particles in the resulting spacetime.
Since geodesic motion serves as a fundamental probe of the underlying geometry, analyzing the trajectories of both massless and
massive particles provides direct insights into the physical implications of dark photon corrections. In particular, studying circular
orbits, stability conditions, and critical radii such as the photon sphere and ISCO allow us to connect the abstract modifications of
the metric to observable astrophysical phenomena, including accretion disk dynamics, precession effects, and potential gravitational
wave signatures.

3. Geodesic motion of test particles around black hole in dark photon models
3.1. Null geodesics and photon spheres

Understanding the motion of test particles around BHs provides information about the geometry of spacetime and the effects of
additional fields or interactions. In the context of DPMs, the presence of vector fields coupled to gravity significantly alters the geodesic
structure, thereby influencing both massless (photons) and massive particle trajectories. This section is devoted to investigating the
dynamical behavior of particles in the vicinity of a spherically symmetric solution modified by dark photon corrections. By analyzing
the effective potential, we examine how the dark gauge coupling g, and dark photon mass m,, affect the stability of orbits, the
structure of photon spheres, and the characteristic features of circular motion. Given that the spacetime is static and spherically
symmetric, the analysis of geodesic motion can be confined, without loss of generality, to the equatorial plane by setting § = z/2 and
0 = 0. Using the metric tensor g,,, the corresponding Lagrangian density is given by [22]

L= %gwx”xv,

here, the dot represents differentiation with respect to the affine paramete z. With the metric given by (1), the Lagrangian density
takes the explicit form

L= %(—f(r)ﬂ + % + r24';2>. (18)
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Fig. 1. The plot of effective potential V,¢(r) for null geodesics as a function of radial coordinate r/M for BH solutions in DPM for different values
of my M for fixed M =g, =05, u, =S, =land A =17.

The metric tensor g,, in the line element (1) is independent of the coordinates (7, ¢), giving rise to two Killing vectors £&© and £@ .
As a result, two quantities are conserved the energy E and the angular momentum L,which are expressed as follows

E = f(r)i, 19
L=r¢. (20)
Utilizing these quantities, we obtain the geodesic equation for the radial coordinate r as
2 + Vege(r) = E?, (21)
here effective potential V,¢(r) for null (x = 0) or timelike (x = —1) geodesics is given by
2 —m g
Vege(r) = (—K’+ f—;) [1 - ¥+ j—ie_mA"(mA/r+1)— %]. (22)

Eq. (22) clearly demonstrates that parameters such as the dark gauge coupling g, and the dark photon mass m ,,, play a significant
role in shaping the effective potential, thereby affecting the dynamics of the particle. Now, we investigate the optical properties
associated with the BH metric, focusing on the influence of the dark gauge coupling g, and the dark photon mass m,,. For null
geodesics, where x = 0, the effective potential from Eq. (22) reduces to [22]

2 2S —myrr
12 M g B Hpopmyre
o= () [l B e w oo 7

This formula describes how light rays move through spacetime and plays a key role in understanding optical effects such as photon
spheres, gravitational lensing, and the shadows cast by BHs. The dark gauge coupling g, and the dark photon mass m ,, significantly
alters the typical dynamics associated with Schwarzschild or RN-like spacetimes.

Figs. 1 to 3 illustrate the behavior of the effective potential V (r) for null geodesics in the spacetime of solutions influenced by DPM,
emphasizing the roles of the dark photon mass m,, and the dark gauge coupling g,. In Fig. 1, the effective potential is plotted for
varying values of m,, while keeping g, fixed. It is evident that an increase in m,, leads to a decrease in the peak height of Vg(r)
and a slight shift of the potential maximum towards smaller radial distances. This behavior indicates that heavier dark photons cause
the photon sphere to shrink and reduce the barrier potential experienced by null particles. Fig. 2 explores the impact of varying
gp for a fixed dark photon mass. As g, increases, the height of the effective potential increases and shifts outward, indicating that
stronger coupling enhances the gravitational lensing region and increases the stability range of photon orbits. Fig. 3 provides a

5
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Fig. 2. The plot of effective potential V¢(r) for null geodesics as a function of radial coordinate r/M for BH solutions in DPM for different values
of g, for fixed, M =m, M =05, y, =S, =land A=17.
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RN-like BHs.

combined visualization of the interplay between m,, and g, revealing the competing effects of the two parameters: while m, tends
to compress the photon orbit region inward, g, counteracts this by stretching the potential outward. These findings demonstrate that
the dark photon parameters significantly alter the geodesic structure and hence the photon capture cross-section and gravitational
lensing characteristics of the . Physically, such modifications imply that the presence of dark photon fields deforms the spacetime
geometry near the , which can manifest as observable deviations in the shape and size of shadows or the trajectories of null particles.
This underscores the importance of incorporating dark sector corrections in gravitational modeling and offers a potential avenue for
constraining dark photon properties through observational astrophysics.

Fig. 4 presents a comparative analysis of the effective potential V,¢(r) for null geodesics in spacetimes within DPM, with those from
classical Schwarzschild and RN-like BHs. This comparison highlights the distinctive modifications introduced by the inclusion of
Yukawa-type and magnetic dipole corrections stemming from the dark photon sector. The effective potential in DPM exhibits a steeper
and broader potential barrier compared to the Schwarzschild case, indicating that light rays encounter a stronger repulsive effect near
the photon sphere. Relative to the RN-like BH, the dark photon potential shows a more significant shift in the location and height
of the potential peak, driven by the additional spin-dependent dipole contributions and exponential suppression terms in the metric
function f(r). These corrections modify the geodesic structure and photon capture zone by either enhancing or reducing the stability
of photon orbits, depending on the parameter choices for g, and m,,. The key physical implication is that dark photon interactions
introduce nontrivial energy-momentum components which deform the spacetime geometry more dynamically than classical charge
effects in RN-like geometry. As a result, the observable photon ring and the shape of the shadow could substantially differ from
standard general relativity predictions.

For circular null geodesics, the conditions /7 = 0 and ¥ = 0 must be satisfied, leading to the following relations

Vegg(r) = E?, V/(r) = 0. 249
From the first relation, we obtain the critical impact parameter g, for a photon ray, defined by

—myrre 1/2

1_E_1(,_2M &
g, L r

2
B . e g+ 1) — .MfSlzmA/e , (25)
r 2xr, ¢ 27 A%r, 2

c c

here r, represents the radius of the circular photon orbit. The second condition defines the photon sphere radius, which is given by
the following equation

2f(re) =1 f'(r,). (26)
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Fig. 5. The plot of force F,, M? on photon particle as a function of radial coordinate r/M for BH solutions in DPM for different values of m,, M for
fixed M =gp =05, u, =S, =1land A=1.7.

Next, we analyze the force exerted on a photon, focusing on the roles of the dark gauge coupling g, and the dark photon mass m ;.
This force is represented in terms of the effective potential as

1
th = _Elgff(r) (27)
Using the expression for Vg(r) from Eq. (23), we find the force to be
L’ ’
Fon = = 2f(r)=rfi(n) ), (28)
2 2S maoe~marr 2
— L AM | &b ’r Mf 127 2M & _n " 1 2
th—r—3{2—7+;€ A (mA/r+1)—T— T+§e A —;(mA,r+1)—mA,r
2 —m 7
HpSipmy e
f 2 mys
+L - (244 ) 29
272 <r2 r )] } (29)

This full expression relies on the derivatives of f(r), with contributions from g;, and m,,. Such corrections substantially influence
whether the photon force behaves attractively or repulsively close to the BH. Eq. (29) describes the force acting on a photon
in the gravitational field by the BH. This expression clearly shows that the force experienced by the massless photon is affected by
various parameters, including the dark gauge coupling g;, and dark photon mass m ,,. Together, these parameters modify the effective
potential, thereby altering the gravitational interaction that influences photon trajectories near the BH.

Figs. 5 to 7 illustrate the variation of the photon force F, as a function of radial distance r for BH solutions in DPM, with a particular
focus on the effects of the dark photon mass m, and the dark gauge coupling g;. In Fig. 5, different values of m,, are analyzed
while keeping g, fixed. It is observed that as m  increases, the magnitude of Fy;, decreases and the peak of the repulsive force shifts
slightly towards larger values of r, indicating that heavier dark photons suppress the strength of the effective force acting on photon
trajectories. Fig. 6 examines the impact of varying g,, where a higher coupling leads to an enhanced and more extended photon
force profile. This suggests that the dark gauge interaction amplifies the gravitational influence of the BH, effectively increasing the
deviation of null geodesics. Fig. 7 combines the effects of both m 4, and g, revealing their nonlinear interplay: while g;, dominates the
strength of the force, m,, controls its spatial attenuation via exponential decay. The mathematical modeling underlying these plots
arises from the derivative of the effective potential V (r), where both Yukawa-type and dipole contributions enter through f(r) and
its derivatives. Physically, these changes in Fp,;, demonstrate how dark photon fields reshape the near-horizon spacetime geometry,
altering the behavior of photon orbits and the structure of the photon sphere. Fig. 8 provides a comparative illustration of the photon

8
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Fig. 6. The plot of force F,, M’ 2 on photon particle as a function of radial coordinate r/M for BH solutions in DPM for different values of g, for
fixed M =myM =05, uy =S, =1land A=17.
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Fig. 7. The plot of force F,, M* on photon particle as a function of radial coordinate /M for BH solutions in DPM for different values of m,, M and
gp for fixed, M =05, y, =S, =land A = L.7.
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Fig. 8. The plot of force F,, M 2 on photon particle as a function of radial coordinate r/M for BH solutions in DPM, Schwarzschlid and RN-like BHs.

force Fyy, as a function of radial coordinate r for solutions in DPMs alongside the classical Schwarzschild and RN-like BHs. The plot
reveals that the inclusion of dark photon corrections introduces a significant deviation from the standard profiles of F,;, found in
Schwarzschild and RN-like geometries. Specifically, the DPM exhibits a broader and more pronounced peak in the force curve, which
indicates a stronger repulsive gravitational effect near the photon sphere. This enhancement is attributed to the exponential Yukawa-
type and magnetic dipole corrections embedded in the metric function f(r), which contribute additional terms to the gradient of the
effective potential V,g(r). Unlike the RN-like case, where the electromagnetic charge modifies the spacetime linearly, the dark photon
corrections depend nonlinearly on the parameters g;, and m,, leading to richer and more tunable force profiles. The mathematical
modeling shows that these corrections alter both the magnitude and spatial extent of the force acting on null particles, which in turn
influences the curvature of light rays and the stability of photon orbits. Physically, this results in substantial changes in the BH’s
optical properties particularly its lensing behavior and shadow images.

We now calculate the period of circular orbits, defined as the time a particle takes to complete one full revolution along a circular
timelike path. The expressions for the period in proper time (7T,) and coordinate time (7}) are derived in Ref. [23]. Using a similar
method in our analysis, we find that the proper time period is

(30)

In this expression r, stands for the radius of the circular orbit, while L refers to the particle conserved angular momentum. The
coordinate time period T;, which corresponds to the time for a full orbit as seen by a distant observer is expressed as

27r, 27r,
T, = 221, | = - S— (31)
fre) 1M ie‘"’A”C(mA/r‘,+l) _ HpSipmyre TATE

re 2z re 2xA2r 2

here r, is the radius of the circular orbit, obtained by solving Eq. (26). Next, we turn our attention to the Lyapunov exponent which

is a key physical quantity that indicates the stability of a circular orbit and it is defined as [22]

V//
qoull — 4 f_ _eff 32
L 212 (32)
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Using Eq. (19), the null geodesics effective potential (23), and the condition for photon spheres (26), we obtain a clear formula for
the Lyapunov exponent

f@ro) )
AlIl‘llll — f("c)< zc _ > c ) (33)
rC
Finally, substituting the metric function f(r) from Eq. (14), we obtain
2
1 1 _

ol =7 (e 3mArr(A2r(g§) + 27 (r = 2M) + m 4/ (g AP — S12u2)> (mp (P Spop5

(34)

1
- gAY + mA,2(4r512;4§ — g2 A2P) = 2M%r(g? — dxMe™A ") + mA,(ﬁsIZ,@ - 2g§)A2r2))> )2,

Eq. (34) clearly shows that various parameters such as the dark gauge coupling g, and the dark photon mass m,, have a significant
impact on the Lyapunov exponent, and thus on the stability of circular photon orbits. A higher Lyapunov exponent corresponds to
greater instability under radial perturbations.

3.2. Timelike geodesics and ISCO analysis

In this section, we analyze the motion of massive test particles and investigate the effects of the dark gauge coupling g;, on their
timelike trajectories. For timelike geodesics, we set k = —1, reducing the effective potential in Eq. (22) to

2 2S —murr

2 g Heoppmyre

Vege(r) = (1 + L—2> [1 -2 D e g+ 1) - L (35)
r

r 2nA2r2

Circular orbits occur when a test particle remains at a constant radial distance r from the . Whether these orbits are stable or unstable
is determined by the behavior of the effective potential V g(r). The essential requirement for circular orbits is that both the radial
velocity and radial acceleration are zero, meaning i = ¥ = 0, or equivalently 4" = i" = 0. Therefore, the following two conditions need
to be met for circular orbits

dV,
E% = V.(r), eff _ . 36
eff(r) ar (36)
By solving these conditions simultaneously and applying the metric equation, the total energy E, the total angular momentum L, and
dp u®

the angular velocity Q = Friaiors of the test particle in the background of a loop quantum are expressed as
u

EX= 2f 2(’ ) )
2f(r)=rf'(r)

Figs. 9 to 12 depict the behavior of the effective potential V (r) for time-like geodesics in spacetimes influenced by DPM, highlighting
the effects of varying dark photon mass m, and dark gauge coupling g,. Fig. 9 demonstrates that an increase in m,, results in a
decrease in the height of the effective potential and a slight outward shift in the location of its minimum. This indicates that heavier
dark photons weaken the attractive gravitational pull experienced by massive particles and increase the orbital radius of stable
circular motion. Conversely, Fig. 10 shows that increasing g;, significantly raises the potential’s height and shifts the minimum to
smaller radial distances, implying stronger gravitational attraction and more tightly bound orbits. Fig. 11 provides a combined view
of the impact of both m,, and g, confirming that their interplay govern the depth and position of the potential well, which is crucial
for determining orbital stability and energetics of test particles. Fig. 12 offers a comparative analysis between dark photon BHs
and classical Schwarzschild and RN-like solutions, revealing that the DPM yields a deeper and narrower potential well, suggesting
more compact and energetically stable orbits. These variations in V g(r) stem from modifications to the lapse function f(r) due to
Yukawa and dipole terms, which introduce novel curvature effects into the spacetime geometry. Physically, these findings indicate
that dark photon fields significantly alter the orbital structure around BHs, affecting key astrophysical processes such as accretion
dynamics, energy emission rates, and ISCO behavior. The altered geodesic profiles also influence the gravitational redshift and
potential observational signals from orbiting matter, offering a pathway to constrain dark sector physics via precision observations.

37)

2
E? =|4xA> Mr, e"A'"e — /\2gérc(mA,rc +1)— 27r/\2r§ eMalle 4 SlzmA’l‘i] e Malre (n’/\zrf [871'/\2 Mr,emae
- ZAZg%rB(mArre +1)— 47rA2r3 emale 4 2512'”,4’!4% + rg (47rA2 Mr,ema'"e + Azg%rc(mi,r? +myr,+1)

-1
— Spmyiimyr, + 2))])

Figs. 13 to 16 illustrate the behavior of the energy of time-like particles in stable circular orbits around BHs in DPMs, as a function
of the radial coordinate r, for various values of the dark photon mass m,, and the dark gauge coupling g,. In Fig. 13, we observe
that increasing m,, leads to a slight upward shift in the energy profile and a displacement of the energy minimum to larger radial

11
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Fig. 9. The plot of effective potential V 4(r) for time-like geodesics as a function of radial coordinate r/M for BH solutions in DPM for different
values of m,, M for fixed M =g, =05, u;, =S, =land A=1.7.
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Fig. 10. The plot of effective potential V (r) for time-like geodesics as a function of radial coordinate /M for BH solutions in DPM for different
values of g, for fixed M =m, M =05, y, =S, =land A=17.
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Fig. 11. The plot of effective potential V «(r) for time-like geodesics as a function of radial coordinate r/M for BH solutions in DPM for different
values of m, M and g,, for fixed, M =0.5, y; =S, =land A= 1.7.
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Fig. 13. The plot of energy E? as a function of radial coordinate r/ M for BH solutions in DPM for different values of m,, M for fixed M = g;, = 0.5,
Uy =Sp=1land A=17.
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Fig. 14. The plot of energy E? as a function of radial coordinate r/ M for BH solutions in DPM for different values of g, for fixed M = m,, M = 0.5,
Uy =Sp=land A=17.
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Fig. 15. The plot of energy E? as a function of radial coordinate r/M for BH solutions in DPM for different values of m,, M and g, for fixed M = 0.5,
Hp=Sp=1land A=17.
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Fig. 16. The plot of energy E? as a function of radial coordinate r/M for BH solutions in DPM, Schwarzschlid and RN-like BHs.
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Fig. 17. The plot of angular momentum L?/M as a function of radial coordinate r/M for BH solutions in DPM for different values of m,, M for
fixed M =g, =05, u; =S, =land A=17.

distances, indicating that heavier dark photons weaken the gravitational binding of particles and push stable orbits outward. Fig. 14
shows the opposite trend with respect to gp: as the coupling strength increases, E> decreases and the potential well deepens, which
suggests more energetically favorable orbits and stronger gravitational attraction due to enhanced interaction with the dark photon
field. Fig. 15 captures the combined influence of both m,, and g, revealing that while m,, tends to broaden and elevate the en-
ergy profile, g, acts to deepen and localize it. Fig. 16 provides a comparative analysis with Schwarzschild and RN-like geometries,
highlighting that the DPM predicts significantly different energy profiles typically deeper and occurring at smaller orbital radii due
to the exponential corrections from Yukawa-type and magnetic dipole interactions in the metric function f(r). These modifications
in E? directly influence the energetics of matter orbiting the BH, affecting the ISCO location, energy release efficiency, and overall
accretion dynamics. Consequently, the presence of dark photon interactions leads to measurable deviations in observable phenomena
such as thermal spectra, quasiperiodic oscillations, and gravitational wave signatures.

2 _ "3f,(")

= , 38
2/ —rf'() 8

L? =<r‘ct [ —4xA> Mr e"a"e — Azg%)rc (mi,rf +myr.+1)+ SlzmA/ﬂJZ,(mA;rc + 2)] ><8;r/\2 Mre"a"e — 272
><g%>rc(m,4,rC +1)— 47rA2r§e”’A”L‘ + 2S12mAry§ + r? A7 A2 Mre"A"e + Azg%rc(mi,rg +myr, +1)—.S),

-1
X mArﬂi(mArrc + 2)]) .

Figs. 17 to 20 display the angular momentum as a function of radial coordinate r for time-like particles in circular orbits around BH
influenced by dark photon fields. Fig. 17 shows that increasing the dark photon mass m ,, leads to a rise in the peak of the L? curve and
a corresponding outward shift in the orbital radius, indicating that heavier dark photons reduce the gravitational binding and require
more angular momentum to sustain circular orbits at larger radii. In contrast, Fig. 18 highlights that an increase in the dark gauge
coupling g, causes a noticeable decrease in the required angular momentum and contracts the radius of stable orbits, signifying
enhanced gravitational strength due to stronger interaction with the dark photon field. Fig. 19 examines the combined effects of
both m, and g, confirming that their interplay nonlinearly controls the angular momentum distribution where g;, dominates the
compactness and m 4, modulates the spatial extension. Fig. 20 compares the dark photon solutions with classical Schwarzschild and
RN-like BH, demonstrating that the DPM results in significantly lower angular momentum thresholds for stable orbits, owing to the
inclusion of exponential Yukawa and spin-spin dipole corrections in the metric function f(r). These theoretical insights derived from
the geodesic equations reflect profound changes in the orbital mechanics around the BH. Physically, the variations in L? affect the
structure of accretion disks, the frequency of emitted radiation, and the dynamics of infalling matter.

ai-Lr0 =
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Fig. 18. The plot of angular momentum L?/M as a function of radial coordinate /M for BH solutions in DPM for different values of g;, for fixed
M=myM=05pu,=S,=1andA=17.
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Fig. 19. The plot of angular momentum L?/M as a function of radial coordinate /M for BH solutions in DPM for different values of m, M and g,
for fixed M =05, u, = S, =land A=17.

Putting all the value in Eq. (39)
Q¢2 = (e_mA”<mA/2<rS12/4§ - gDZA2r3) - Azr(g2 - 4727Me"’A") +my <2S12/4}2¢ - g02A2r2)>)(4ﬂ:A2r4)_I

To ensure orbital stability, the effective potential V g(r) must not only satisfy the conditions for circular orbits but also exhibit a local
minimum. This leads to the condition [24]

d? Vgt

0 (40)
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Fig. 20. The plot of angular momentum L?/M as a function of radial coordinate r/M for BH solutions in DPM, Schwarzschlid and RN-like BHs.

this ensures that small radial disturbances cause oscillations that remain confined around the circular orbit. In contrast, if the circular
orbit corresponds to a local maximum of the effective potential, it is unstable to radial perturbations. This is expressed by the condition
d*Vest

dr?

<0. (41)

The transition between stable and unstable circular orbits is indicated by the point where the second derivative equals zero

d*v,
=" (42)

which defines the ISCO. The ISCO is crucial in astrophysical processes, especially in the dynamics of accretion disks, as it represents the
smallest radius at which a massive test particle can maintain stable circular motion. At this orbit, the effective potential simultaneously
satisfies the following critical conditions [24]

West o et _,

E 43
dr dr? (43)

The presence of the ISCO radius rigco arises purely from relativistic effects. In contrast to classical mechanics where the effective
potential generally features a single global minimum general relativity allows for more complex behavior, including the existence
of both a local maximum and a local minimum, or in some cases, the absence of any extrema altogether, depending on the angular
momentum L. The relativistic form of the effective potential enables both an unstable inner circular orbit and a stable outer circular
orbit to exist simultaneously. The ISCO represents the radius at which these two orbits coincide. In other words, for a given angular
momentum L, the ISCO marks the critical boundary beyond which stable circular orbits are no longer possible. For the considered
model, the intricate form of the metric function prevents the derivation of an explicit analytical expression for the ISCO. Consequently,
the equation set (43) must be solved numerically to determine the ISCO radius rigc, as well as the corresponding angular momentum
Lisco and energy Ejgco for a test particle in such a geometry. The smaller ISCO radius generally allows the inner edge of the disk to
extend deeper into the gravitational potential well of the BH, thereby increasing the efficiency of energy extraction. This manifests
observationally as a harder and more luminous spectrum, with shifts in the high-energy tail of the thermal component. Conversely,
an outward shift of the ISCO radius reduces the efficiency of accretion, leading to comparatively softer spectra with diminished X-ray
flux. Since the ISCO position and binding energy are directly altered by the dark photon parameters m,, and g, these modifications
can, in principle, be probed through precision modeling of accretion disk spectra around astrophysical BHs. Tables 1-3 lists the
numerically obtained values of rigcq, Ligco, and Eigco for dark gauge coupling g, and dark photon mass m 4/

The motion of a test particle around can be described by the relationship between the radial coordinate r and the azimuthal angle
¢. This relation can be obtained from the geodesic equation which is expressed as

2
dr I 12
(%) = 5le-ro(+5)] 40
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Table 1

Numerical values of rigeo/M, Eggo, and Liggo/M for
a test particle in the spacetime of a Dark Photon with
higher-order corrections, for different values of m,, M.

(Weset M = 1).
my M risco/ M Esco Lisco/M
0.1 5.7920 0.941060 3.381132
0.5 5.9455 0.942543 3.447410
1.0 5.9914 0.942775 3.462516
10.0 6.0000 0.942809 3.464102
Table 2

Numerical values of rigeo/M, Egco, and Ligeo/M
for a test particle in the spacetime of a Dark Photon
with higher-order corrections, for different values
of g;. Fixed parameters are m, M = 1.0, u, =5.0,
S, =2.0,and A = 0.5 (with M = 1).

g risco/ M Eisco Ligco/M

0.1 4.2462 0.924890 3.547918

0.5 4.2229 0.924439 3.548076

0.7 4.1993 0.923967 3.548252

0.9 4.1677 0.923300 3.548506
Table 3

Numerical values of rigco/M, Egco, and Ligco/M
for a test particle in the spacetime of a Dark Photon
with higher-order corrections, for different combina-
tions of m,, M and g;,. Fixed parameters are i, = 5.0,
S5, =20,A=05,and M = 1.

my M &p risco/ M Eisco Lisco/M

0.1 0.1 7.3362 0.947053 3.901575
0.5 0.5 4.9875 0.910956 3.572478
1.0 0.7 4.1993 0.923967 3.548252

10.0 0.9  6.0000 0.942809  3.464102

where f(r) denotes the lapse function, E and L represent the particles specific energy and specific angular momentum, respectively. By
numerically solving Eq. (44), the resulting trajectories can be visualized in Cartesian coordinates using the following transformations

x=rcos¢, y=rsing.

Figs. 21 and 22 depict the trajectories of test particles in the equatorial plane around BHs influenced by dark photon fields, emphasizing
the effects of varying dark photon mass m,, and dark gauge coupling g, respectively. In Fig. 21, the trajectories corresponding to
different values of m,, reveal that as the mass of the dark photon increases, the particle orbits have no significant effects. In contrast,
Fig. 22 illustrates that increasing g;, enhances the gravitational interaction, leading to more compact and tightly wound trajectories,
with particles exhibiting greater angular rotation and reduced radial displacement. These pattern are direct consequences of the
corrections embedded in the metric function f(r), where Yukawa-type and magnetic dipole terms significantly alter the geodesic
structure. Physically, these trajectory modifications imply that the presence of dark photon interactions reshapes the spacetime
curvature near the BH, influencing how particles move in its vicinity. We now define the orbital velocity Q(r) for test particles
moving in circular orbits as

Qr) = ?, (45)

e‘"M”(mA;z(rSuyi - g02A2r3) = N2r(gp2 —4nrMe™ ") +my (2S12;4§ - g02A2r2)>
4 A2p3

Figs. 23 to 26 illustrate the variation of orbital velocity Q(r) of test particles in circular motion around BH under the influence of
dark photon fields, with emphasis on the role of the dark photon mass m,, and dark gauge coupling g. In Fig. 23, increasing values
of m, are shown to cause a monotonic increase in Q(r), particularly in the near-horizon region, signifying a strong gravitational
pull due to stronger exponential effects in the Yukawa-type interaction. This reflects the increased curvature and delayed orbital
acceleration in spacetimes dominated by heavier dark photons. Conversely, Fig. 24 demonstrates that an increase in g, results in
lower orbital velocities at all radii, implying an enhancement of the effective gravitational field strength due to the dark gauge

Q) =

19



S. Chaudhary, M.D. Sultan, T. Anwar et al.

Nuclear Physics, Section B 1020 (2025) 117147

157 151
== muy=0.1 == mpa=0.5
10} —_——— 10¢ —_——
’/ \\ ,/ \\
RSB NAN RSN
sl / // R >« \\ \ 5l s /"‘\\ \\ \
= 1y !¢ \\“‘\ s 1 sl
g ot I I ' , ‘ l l ‘ 8 ot I ' l \ ‘ l l
s VANNEY S )Y N VAN
ol NN S ? s sl NN S S
NS - SN -’
~ = h——’
—-10} -10f
~1373 10 5 0 5 10 15 255 10 5 0 5 10 15
X [units of M] X [units of M]
151 151
—-= ma=1 -= mp=10
10t e 10t o
/”*"‘~\\\ ’ a""N\\\
-
| /7 7 -—— \\ N I 4 /, - \\ N
5 7 l/ // \\ \ N 5 /7 \\ NN
= i1/ \\‘\\\\ = HERREESR N
s 1 ! \ 5 I / vV
2 of e 1 [ 2 of - !
2 \ 1 £ 11
5 TR _ Ay 5 NN /1)
= \ \ =", ~ VS A’ )
\N N 7/ S /
-5t \\ N ~=="y ! sl \\ S /
\\~__¢, \\___/,
-10} -10¢}
~1373 10 5 0 5 10 15 255 10 5 0 5 10 15

X [units of M]

X [units of M]

Fig. 21. The trajectories of the test particle of BH solutions in DPM for different values of m,, M for fixed M = g;, = 0.5, y, = S, =land A = L.7.

interaction. Fig. 25 provides a combined analysis of the simultaneous variation of m,, and g, confirming that while m,, increases
orbital motion, g;, decreases it, and their interplay govern the radial profile of Q(r). In Fig. 26, a comparative plot between the DPM and
classical Schwarzschild and RN-like BHs reveal that the dark photon corrections yield orbital velocities distinct from standard general
relativity, often deviating significantly near the horizon. The underlying modeling is based on the relation Q* = % f'(r), derived
from the condition of circular motion, where f(r) includes dark photon-induced exponential and spin-dipole terms. Physically, these
findings suggest that the dark photon parameters not only influence the dynamics of orbiting matter but also modify the rotation

profiles of accretion disks. The proper angular velocity is given by Q(r) = ¢ = £2, which leads to
r

w= g(zf —rf")Q),

= Qe (my*(gp Nr’ = rSppu7) + Nr(3gp® +4xe""(r = 3M)my 3gp” Ar? =4S up))@xA’r) ™

(46)

(47)
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Fig. 22. The trajectories of the test particle of BH solutions in DPM for different values of g, for fixed M =m, M = 0.5, y, =S, =1 and A = 1.7.

To calculate the geodesic precession frequency Ogpr of a gyroscope in orbit, we use Eq. (47) and apply the approach described in

Ref.[25]. The resulting geodetic precession frequency is expressed as

Ogpr = Q — Qgpp,  Qqpp = QV f — Q272

(48)

Substituting Eqs. (45) and (47) into Eq. (48), we derive the explicit expression for the geodetic precession frequency Ogpg as [22]

@PF_"f,(") 1 r
o 7 -]

(49)

2,
Ogpr = (471'/\2 Mr e"ae + Azg%re(mi,rz +myr.+1)—Spmy uff(mA/rc + 2)) e 2" e (2 ANy

X |:7[2Arc Smare — (2)1/27r3/2< — N> Mr, e"a'"e 4 éAzg%rc(mA/rc +1)— ﬁAzg%rC(mi,rg +myr. +1)

1/2
1422 1 2 1 2
+ 38N r e+ S Spmypp(myre +2) = gSIZmA'l‘f> ]

(50)
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Fig. 23. The plot of orbital velocity Q(r)M as a function of radial coordinate r/M for BH solutions in DPM for different values of m,, M for fixed
M=gp=05p,=S,=land A=17.

0.201

0.18f

0.16

0.14}|

Qam

0.12f

0.10|

0.08}

0.06

1.6 1.8 2.0 2.2 2.4 2.6
r/M

Fig. 24. The plot of orbital velocity Q(r)M as a function of radial coordinate r/M for BH solutions in DPM for different values of g,, for fixed
M=myM=05pu,=5,=1and A=17.
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Fig. 25. The plot of orbital velocity Q(r)M as a function of radial coordinate r/ M for BH solutions in DPM for different values of m,, M and g, for
fixed M =05, u, =S, =1and A= 17.
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Fig. 26. The plot of orbital velocity Q(r)M as a function of radial coordinate /M for BH solutions in DPM, Schwarzschlid and RN-like BHs.
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Fig. 27. The plot of geodetic precession frequency Ogpe M as a function of radial coordinate r/M for BH solutions in DPM for different values of
my M for fixed M = g, =05, u, =S, =1and A=17.

The expression in (50) clearly shows that several factors such as the dark gauge coupling g, and the dark photon mass m,, have
a significant impact on the geodesic precession frequency Ogpr. These influences highlight crucial deviations from the classical
predictions of general relativity, arising from nonlinear and quantum effects in the vicinity of compact objects.

Figs. 27 to 30 display the behavior of the geodetic precession frequency Ogpr as a function of the radial coordinate r for solu-
tions in DPM, examining the effects of dark photon mass m,, and dark gauge coupling g, along with a comparative analysis with
Schwarzschild and RN-like geometries. In Fig. 27, increasing m s leads to a noticeable increase of O¢pg, especially near the , indicat-
ing that heavier dark photons increase the spacetime curvature-induced precession experienced by a gyroscope in circular orbit. This
results from the exponential suppression in the metric function f(r), which weakens the spacetime dragging effect. In contrast, Fig. 28
shows that higher values of g, weakers ©gpr across all radii, suggesting a lower influence of the dark photon field on the geometry
and the resulting precession frequency. Fig. 29 combines both parameters, revealing that while m,, amplify the effect, g, lower it.
Fig. 30 compares the DPM with Schwarzschild and RN-like solutions, demonstrating that the inclusion of dark sector corrections
results in a steeper rise in Ogpr near the event horizon, significantly deviating from general relativity predictions. Physically, these
results imply that the precession of gyroscopes or orbiting bodies is highly sensitive to the presence of dark photon fields, affecting
relativistic frame-dragging and potentially observable through precision measurements of orbital dynamics. Finally, our goal is to
find the orbital speed of a time-like particle moving around the BH at a distance much greater than the event horizon. This scenario
is similar to a distant star orbiting the central BH within a galaxy. To a first approximation, the lapse function f(r) can be expressed
as follows

f(r)=1+2d(r), (51)

where ®(r) represents the Newtonian gravitational potential acting on a time-like particle with unit mass. By employing the metric
function from Eq. (14), we explicitly derive the gravitational potential ®(r) as

uiSlzmA/ e~marr >

52
2mA2r2 (52)

2
1 2M | &p _
d(r)= = —=— + = Mar +1)—
@ 2 ( r 27rre (mpr+1)
This formula represents the modified Newtonian potential that accounts for the influence of the dark gauge coupling g;, and the dark
photon mass m,, .It offers an approximate yet valuable perspective on the orbital dynamics of massive particles, such as stars, at
galactic scales, emphasizing the deviations from classical Newtonian gravity caused by fundamental field interactions. The effective
gravitational force experienced by a time-like particle in a circular orbit is given by the following expression
o0d(r)

Fo=-—", (53)
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Fig. 28. The plot of geodetic precession frequency Ogpr M as a function of radial coordinate r/M for BH solutions in DPM for different values of
gp for fixed M =m,M =05, y; =S, =1land A=1.7.
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Fig. 29. The plot of geodetic precession frequency ®gpe M as a function of radial coordinate r/M for BH solutions in DPM for different values of
my M and g, for fixed M = 0.5, u, = S|, =land A= 17.
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Fig. 30. The plot of geodetic precession frequency ©gpr M as a function of radial coordinate r/M for BH solutions in DPM, Schwarzschlid and
RN-like BHs.

By applying the potential given in Eq. (52), we directly obtain

2
g
F.(r) _M 2 [le_’”A"(mA;r +1)+ mi,e_'"A”]

upSpmye™™ oy
+—( +—).
2 dzle

4 N2 )
This central force F, corresponds to the centripetal acceleration v(r)?/r, where v(r) represents the velocity of a time-like particle
moving in a circular orbit. From this relationship, we derive the following formula for the orbital speed in a circular path

u(r) = VrlF|, (54)

2
M 8pfl
v(ry=|r|l— D —e_"’A”(mA/r+1)+mi,e_”’A” +

upSpmye™™ oy
7l ()

— + —_—
47 A\2 r r2

The expression (54) indicates that the circular velocity of time-like particles in orbit is notably shaped by various parameters, including
the dark gauge coupling g;, and the dark photon mass m , . These parameters alter the gravitational interaction, leading to departures
from classical orbital behavior, especially at large radial distances. Such deviations play a key role in investigating astrophysical
phenomena, such as the motion of stars around galactic and the evaluation of alternative gravitational theories.

Figs. 31 to 34 illustrate the variation of the circular orbital speed v(r) of time-like particles as a function of radial coordinate r for
BHs in DPM, examining the influence of dark photon mass m,, and dark gauge coupling g,. In Fig. 31, increasing m,, leads to a
increase in v(r) at smaller radii, with the peak of the orbital speed curve shifting outward. This indicates that heavier dark photons
significantly effects the gravitational binding near the due to stronger Yukawa-type screening, resulting in lower orbital velocities and
more distant stable orbits. Fig. 32 shows that as g;, increases, the orbital speed profile becomes steeper with lower peak values near
the horizon, reflecting weak gravitational attraction from stronger gauge coupling. Fig. 33 analyzes the combined impact of m,, and
gp, confirming their competing effects: m 4, acts to flatten and spread the velocity curve, while g, steepens it and pulls the maximum
closer to the BH. Fig. 34 provides a comparison with classical Schwarzschild and RN-like BHs, demonstrating that the DPM produces
distinct orbital velocity behaviors, particularly higher velocities near the event horizon, which are absent in standard GR spacetimes.
Physically, such changes in orbital velocity influence the structure and emissivity of accretion disks, rotational curves of stars near
galactic centers, and relativistic precession rates.

The analysis of geodesic motion has revealed how dark photon parameters significantly alter the dynamics of both massless and
massive particles, influencing orbital stability, ISCO behavior, and photon sphere characteristics. These results serve as a crucial
foundation for understanding the observable consequences of such modifications, since the structure of photon orbits directly govern
the BHs optical appearance to distant observers. In particular, the deformation of the photon sphere induced by Yukawa screening
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Fig. 31. The plot of circular orbital speed v(r) as a function of radial coordinate r/M for BH solutions in DPMs for different values of m, M for
fixed M =g, =05, u, =S, =1land A=17.
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Fig. 32. The plot of circular orbital speed v(r) as a function of radial coordinate r/M for BH solutions in DPMs for different values of g, for fixed
M=myM=05pu;=S,=1andA=17.

27



S. Chaudhary, M.D. Sultan, T. Anwar et al. Nuclear Physics, Section B 1020 (2025) 117147

0.85

0.80

0.75F

0.70

0.65

v(r)

0.60

0.55§

0.50

0.45

0.4(1.

my and gp
mar = 01, dp = 0.1

mA'=0.5, gD=O.5
mA'=1, gD=O.7
mup =10, gp=0.9

5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
r/M

Fig. 33. The plot of circular orbital speed v(r) as a function of radial coordinate r/M for BH solutions in DPMs for different values of m,, M and g,
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Fig. 34. The plot of circular orbital speed v(r) as a function of radial coordinate /M for BH solutions in DPMs, Schwarzschlid and RN-like BHs.
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Table 4
Photon sphere radius ry,/M for different values of
m, M and g, in the DPM.

my M gp=0.1 gp =05 gp =07 gp =09

0.1 3.05127 3.10259 3.15348 3.20471
0.5 3.00312 3.05486 3.10632 3.15790
1 2.95674 3.00824 3.05978 3.11119
10 2.80345 2.85498 2.90627 2.95713

and gauge coupling effects manifests in the size and shape of the BH shadow. Therefore, having established the geodesic framework,
we now turn to the study of optical properties and shadow images, which provide one of the most direct and measurable astrophysical
signatures of dark photon corrections.

4. Optical properties and shadows of black hole solutions in dark photon models
4.1. Analysis of photon sphere radius

The study of shadows has emerged as a powerful observational tool to probe the nature of spacetime geometry and the influence
of additional fields beyond general relativity. The presence of dark photon fields modifies the effective metric around the BH, thereby
altering the photon sphere structure and subsequently affecting the shadow cast against a backdrop of luminous matter. In this section,
we focus on analyzing the shadow radius and optical appearance of solutions in DPM, incorporating both Yukawa-type and magnetic
dipole corrections. By determining the photon sphere radius and employing celestial coordinates, we explore how parameters such
as the dark gauge coupling g, and dark photon mass m,, reshape the shadow contour. Several methods have been suggested for
calculating the shadow radius of a spherically symmetric , as reviewed in Ref. [26]. One commonly adopted approach is to determine
the photon sphere radius rp;, using the condition

rD'(r) = D(r), (55)

where D(r) = 1/ f(r) with f(r) representing the lapse function of a static, spherically symmetric spacetime. However, the equation’s
highly nonlinear character makes an analytical solution intractable. The numerically evaluated photon sphere radii for various values
of g, and m are presented in Table 4.

4.2. Analysis of shadow radius

The shadow radius R, , as seen by a static observer at spatial infinity, is determined using the photon sphere radius rp, and is
expressed as

,
R. = _'ph (56)

ey

where f(r) is the lapse function of the spacetime, defined in Eq. (11). Due to the complexity of the metric function and the implicit
dependence of rp;, on various parameters, an analytical expression for R, is not feasible. Therefore, Eq. (11) is evaluated numerically
for different values of the magnetic monopole.

Figs. 35 and 36 present the dependence of the photon sphere radius r,;, and the corresponding shadow radius R, on the dark
photon mass m,, and dark gauge coupling g, in the context of dark photon-modified spacetimes. As shown in Fig. 35, increasing
m, results in a monotonic decrease in ry, for fixed values of g, indicating that a more massive dark photon compresses the photon
sphere inward due to stronger exponential suppression in the modified metric function f(r). In contrast, higher values of g, cause
rph to increase, which reflects the enhanced effective gravitational pull stemming from stronger gauge coupling. Fig. 36 shows the
corresponding shadow radius R, = rp,/4/f(rpn), and a similar trend is observed: larger m,, values reduce R, while increasing g,
expands it. These results demonstrate that the dark photon field significantly alters the optical geometry of the by modifying the
spacetime curvature and thus the bending of light rays. The mathematical modeling highlights how Yukawa-type and magnetic
dipole corrections enter the lapse function f(r) and influence the photon sphere structure and the projected silhouette. Physically,
these changes imply that the apparent size of the BH as seen by a distant observer can vary substantially from general relativity
predictions, depending on the values of m, and gp. The numerically computed shadow radius values are summarized in Table 5,
corresponding to different combinations of g, and m,; .

To represent the actual shadow of the BH as seen by a distant observer, we introduce the celestial coordinates (X,Y), which
describe the apparent position of photons on the observer’s sky. These coordinates are defined as

. . do

- _2 a¢

X = rigr‘l’o < rosin, o ) (57)
)

v (2 2) )
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18.0

Fig. 35. The plot of photon sphere radius r,, /M versus dark photon mass m,, M and dark gauge coupling g,.

Table 5

Numerical results for the shadow radius R,/ M in DPM
with Higher-Order Corrections. The radius decreases
with increasing m, M and increases with increasing
&p-

my M gp=0.1 gp =05 gp =07 gp =09

0.1 7.51342 7.80934 8.10725 8.39873
0.5 7.11856 7.41297 7.70385 7.99542
1 6.83211 7.10478 7.39890 7.68901
10 6.10439 6.40922 6.69288 6.98673

where r, is the radial coordinate of the observer, and 6, is the inclination angle. For a static observer at a large distance r, — o, in
the equatorial plane 6, = z /2, the celestial coordinates simplify to the relation

X2 +Y2=R2. (59

This expression indicates that the shadow, when viewed on the celestial plane, takes the form of a circular disk with radius R,
determined by the behavior of the photon sphere and the underlying spacetime geometry.

Figs. 37 and 38 depict the shadow images of BHs in DPMs for varying values of dark photon mass m,, and dark gauge coupling gp,
respectively, highlighting how these parameters influence the apparent shape and size of the shadow. In Fig. 37, increasing m 4 leads
to a noticeable contraction of the shadow radius, resulting in a smaller and more compact circular silhouette. This occurs due to the
exponential Yukawa suppression in the metric function f(r), which pulls the photon sphere inward and reduces the gravitational
lensing strength near the BH. Conversely, Fig. 38 shows that increasing g, causes the shadow to expand, with the boundary shifting
outward, a direct consequence of the stronger gauge-induced curvature enhancing light deflection. These images are computed
using the celestial coordinates (X,Y) derived from the geodesic equations and the condition X2 + Y2 = R2, where R, is the shadow
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Fig. 36. The plot of shadow radius R,/M versus dark photon mass m,, M and dark gauge coupling g,.

radius. The key physical implication of these results is that the shadow size is not fixed, as in classical Schwarzschild spacetime, but
dynamically depends on dark sector interactions. Such deviations can lead to observable changes in the morphology of shadows,
potentially allowing the extraction of constraints on m 4 and g, from observational data.

The study of optical properties and shadow formation has shown that dark photon corrections leave distinctive imprints on the
observable geometry of BHs, with shadow size and morphology sensitively dependent on the gauge coupling and dark photon mass.
While these effects provide a direct observational window into the dark sector through imaging techniques, an equally important
avenue lies in understanding how such corrections influence the interaction of BHs with surrounding fields. In particular, wave
dynamics in the modified spacetime may give rise to amplification mechanisms beyond classical expectations. To further explore this
connection between hidden sector physics and BH stability, we now turn our attention to the phenomenon of superradiance, where
scalar field perturbations in the dark photon background can lead to wave amplification and energy extraction from the BH.

5. Superradiance phenomenon of black hole solutions in dark photon models

The phenomenon of superradiance provides energy extraction mechanisms from compact objects and serves as a sensitive probe
for new physics beyond the Standard Model. When dark photon fields are present, the interaction between these vector fields and
charged scalar perturbations leads to novel superradiant effects that can significantly influence the evolution and stability of BHs. In
this section, we explore the superradiant scattering of scalar fields in the background of solutions modified by dark photon corrections.
By solving the charged Klein-Gordon equation in curved spacetime, we derive the effective potential and identify the conditions under
which wave amplification occurs. Furthermore, we examine the associated amplification factor and energy fluxes, highlighting the
critical roles played by the dark gauge coupling g, dark photon mass m,/, and the BH’s horizon structure. This analysis reveals
how the presence of dark sector interactions can enhance or suppress superradiance, potentially leading to observable astrophysical
consequences and constraints on dark photon properties. In a curved spacetime, a massless scalar field ¢(z, r, 6, ) minimally coupled
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Y (Celestial Coordinate)
o

-3 -2 -1 0 1 2 3

X (Celestial Coordinate)

Fig. 37. The plot of shadows images of BH solutions in DPM for different values of m,, M for fixed M = g, =05, y; =S, =land A =1.7.

to a vector potential 4,,, is govern by the Klein-Gordon equation [27]
(V¥ —iQA")(V, —iQA,)¢p =0, (60)

where Q is the charge of the scalar field. In the static, spherically symmetric spacetime given by Eq. (1), we decompose the field as
follows

¢(1,r,0,0) = e R(Y (0, 9), (61)

where Y (0, p) are the spherical harmonics and w is the frequency of the scalar field. Inserting Eq. (61) into Eq. (60), we derive the
radial equation for R(r)
d’R ! dR 2 I+ 1 2
(')+<f—+2> O e W+D 200, O g, (62)
dr? f r) dr f? r2f rf2 o r2f?
where / =0, 1,2, ... is the spherical harmonic index, and f(r) is the lapse function. To simplify the analysis further, we define the
tortoise coordinate r, as

dr
r,= [ —, u(r) = rR(r), (63)
70 (r) (r)
such that the radial equation takes the form of a Schrdinger-like equation
2
LD | Vegoutr) =0, (64)
dr?
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Y (Celestial Coordinate)
o

-3 -2 -1 0 1 2 3
X (Celestial Coordinate)

Fig. 38. The plot of shadows images of BH solutions in DPM for different values of g, for fixed M =m, M =05, y; =S, =land A= 1.7.

Here, u(r) is the rescaled radial function, and V(r) is the effective potential, encapsulating the influence of the geometry, scalar field
charge O and the angular momentum /. This framework is crucial for studying the phenomenon of superradiance, incident scalar
waves can be amplified upon scattering off the BH. The effective potential V (r), which encodes the curvature of the background
spacetime and the properties of the test scalar field, is given by [28]

l(l+1)f+2w_Q_Q_2>

r2 r r2 ©5)

!

Vege(r) = * — <% +
From Eq. (64), it is evident that the behavior of the radial function u(r) is govern by the sign of V,¢(r). In the region where V g(r) > 0,
the solution u(r) is oscillatory, corresponding to propagating wave modes. In the region where V «(r) < 0, the solution becomes ex-
ponential either growing or decaying which is the region where superradiance occurs. As the angular momentum quantum number /
increases, the height of the potential barrier decreases. Conversely, oppositely charged particles are attracted more strongly. Impor-
tantly, the effective potential V,¢(r) does not explicitly depend on the coupling constant of the modified gravity theory. Instead, the
coupling constant indirectly affects the potential through its impact on the metric function f(r), which enters the potential formula.
Next, we analyze the asymptotic behavior of the effective potential V¢(r) and the corresponding solution u(r) to the radial Eq. (64).

As r — r,, the event horizon, the metric function f(r) — 0, and the effective potential tends to [28]

0\?
Vegg(r) — k2 = <a) - —> . (66)
Iy
In this region, the solution to the wave equation becomes:

u,(r,) = Ae kere (67)
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where 4, is a complex amplitude and k, = w — Q/r,. The physical boundary condition requires that only ingoing waves are present
at the event horizon, ensuring causal propagation into the . In this limit, the metric function approaches f(r) — 1 and the effective
potential simplifies to [28]

Vege(r) = k% = . (68)
Therefore, the asymptotic behavior of the wave function is given by

uoo(r*) — A‘-eiik“’r* + Areik‘”r*, (69)
where A; and A, represent the amplitudes of the incoming and reflected waves, respectively, with k., = w. This asymptotic form
underpins the analysis of the superradiance phenomenon, wherein the reflected wave may be amplified (|A4,| > |4;]) as energy is
extracted from the BH. The boundary condition in Eq. (69) represents an incoming wave of amplitude A; arriving from spatial
infinity. This wave scatters off the effective potential V_g(r), resulting in a reflected wave (with amplitude A,) and a transmitted wave
that crosses the horizon (with amplitude 4,), as described by Eq. (67). To examine the scattering process, we evaluate the Wronskian
in both the near-horizon and asymptotic regions. In the vicinity of the event horizon, the Wronskian takes the form [28]

du* du
W, = u+d—’: - uid—’: = 2ik, | A%, (70)

where v is complex conjugate of u, . Similarly, near spatial infinity, the Wronskian is

dug, . due 2 2
Ww=umd—r*—umd—r*=1km(|A,~| _lArl ) (71)

Equating Eqgs. (70) and (71), we obtain the energy conservation relation:
2k
14,17 = 14,17 = =14, 72)
kOO

For superradiance to take place, the amplitude of the reflected wave must exceed that of the incident wave
14,7 > 142 = |AP-42 <0
From Eq. (72), this condition is satisfied if:

0<a)<2. (73)
ry

The threshold frequency o, = 92 matches that of the RN BH [29]. Expressed in terms of the field wavelength 4, this condition can be
It

reform as
2 A
— < —. 74)

This implies that for Q < 1, we have 4 > r_. For Q > 2z, the condition 4 ~ r _ is satisfied. To quantify superradiance, the amplification
factor is defined as [28]

_Al

= 75
RVYE 7o

This measures the fractional energy gain (or loss) in the scattered wave. A positive value of Z,, corresponds to superradiant am-
plification. The amplification factor Z,, can be computed by numerically integrating the radial wave Eq. (64) with the effective
potential from Eq. (65). The tortoise coordinate r,, defined in Eq. (63), is evaluated from the metric function f(r). After completing
the numerical integration, the reflection and incident amplitudes can be determined, and the amplification factor is calculated using
Eq. (75).

Figs. 39 to 41 illustrate the amplification factor Z,, as a function of the scalar field frequency  for solutions in DPM, highlighting
the influence of the dark photon mass m,, and dark gauge coupling g, with a comparison to classical Schwarzschild and RN-like
BHs. In Fig. 39, increasing m,, leads to a suppression of the peak amplification, indicating that heavier dark photons dampen the
superradiant scattering of scalar fields. This behavior is attributed to the stronger exponential suppression of the effective potential,
which reduces the efficiency of wave amplification near the event horizon. Fig. 40 shows that as g, increases, the peak of Z,,, becomes
more pronounced and shifts to higher frequencies, reflecting an enhanced interaction between the scalar field and the spacetime
mediated by stronger dark gauge coupling. Fig. 41 provides a direct comparison between the amplification factors for dark photon,
Schwarzschild, and RN-like BHs. The amplification in the DPM exceeds that of the Schwarzschild case and exhibits distinct frequency-
dependent behavior compared to RN-like geometry, demonstrating that the inclusion of dark sector fields introduces qualitatively
new superradiant characteristics. The mathematical modeling stems from solving the charged Klein-Gordon equation in the dark
photon-modified background and evaluating reflection coefficients in the asymptotic and near-horizon regimes. Physically, these
findings suggest that dark photon interactions can significantly alter the energy extraction process from BHs via superradiance,
affecting the stability and evolution of BHs in environments where such fields are present. Superradiance in the presence of dark
photons can influence the stability of BHs by extracting rotational energy, potentially leading to gaps in the observed BH mass spin
distribution if certain dark photon masses are realized. Moreover, the formation of superradiant bound states can act as sources
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Fig. 39. The plot of amplification factor Z,, as a function of frequency wM for BH solutions in DPM for different values of m, M for fixed
M=g,=05yu,=8,=1andA=17.
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Fig. 40. The plot of amplification factor Z,, as a function of frequency wM for BH solutions in DPM for different values of g, for fixed M = m, M =
05, u;=S,=1and A=17.

of nearly monochromatic gravitational waves, which could be probed by present and future detectors such as LIGO, LISA, and
pulsar timing arrays. Additionally, suppression or enhancement of superradiant modes alters the evolution of accretion disks and
jet formation around spinning BHs. Therefore, astrophysical observations of BH spin demographics, continuous-wave gravitational
radiation, and jet energetics all provide potential constraints on the parameter space of DPMs.

By incorporating the back-reaction that is, including second-order perturbations of the scalar field on the spacetime geometry and
the background vector field, the evolution equations for the BH’s mass and charge, resulting from the scattering of a monochromatic
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Fig. 41. The plot of amplification factor Z, as a function of frequency wM for BH solutions in DPM, Schwarzschlid and RN-like BHs.
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wave at large distances which can be derived [27]

M = -0 (|4, - |4;]%). (76)
where the dot denotes differentiation with respect to time ¢, and w is the frequency of the scalar wave. In the superradiant regime,
defined by w < w, and |4,|*> — |4;]> > 0, M is negative. This indicates that mass extracted from the and transferred to the exterior
region in the form of amplified wave energy. As w — ®,, the quantity M — 0, and the energy flux asymptotically vanishes. In contrast,
outside the superradiance regime (w > w,), M is positive, implying that the black hole gains energy and charge from the incident
field.
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Fig. 42 presents the variation of the mass-loss rate M as a function of the scalar field frequency o for solutions in DPM, offering
a direct view into the superradiant energy extraction mechanism. The plot reveals that within the superradiant regime, defined by
» < o, = Q/r,, the mass-loss rate M is negative, indicating that the is losing energy due to the amplification of scattered waves. As ®
approaches the critical frequency w,, M tends toward zero, showing the transition point beyond which superradiance ceases. Outside
the superradiant regime (@ > ®,), M becomes positive, implying that the gains energy from the incident scalar field. This behavior
demonstrates consistency with the energy conservation and thermodynamic interpretations of superradiance. The numerical modeling
is based on the reflection and transmission coefficients obtained by integrating the radial wave equation derived from the charged
Klein-Gordon equation, incorporating the dark photon-modified metric. The shape and magnitude of the M curve are sensitive to the
parameters m 4, and gp, which govern the form of the effective potential and horizon structure. Physically, this result highlights that
dark photon interactions can significantly influence the rate and efficiency of evaporation or growth through superradiant processes.
It provides a compelling connection between field-theoretical extensions of gravity and observable evolution, offering a possible
avenue for detecting or constraining dark sector properties via the time-dependent behavior of mass in high-energy astrophysical
environments.

6. Conclusion

In this work, we have systematically investigated the physical and geometrical properties of BH solutions influenced by dark
photon fields, incorporating both Yukawa-type minimal interactions and higher-order magnetic dipole corrections. We explored the
gravitational imprint of hidden sector U(1) gauge symmetries specifically dark photons on classical BH metrics. The presence of
dark photons not only modifies the spacetime geometry but also introduces nontrivial dynamics through the energy-momentum
contributions of dark sector interactions. We began by considering the solution in a spherically symmetric spacetime, modified by
effective potentials arising from dark photon interactions. These corrections, embedded in the metric function f(r), depend explicitly
on parameters such as the dark photon mass m,,, the dark gauge coupling g, and the dipole moment scale 4, /A. Our analysis of the
horizon structure and thermodynamic quantities revealed that both m,, and g, significantly influence the event horizon radius and
the Hawking temperature, thereby altering the thermal stability and evaporation behavior of the BH in the presence of dark photon
corrections.

Moving forward, we examined the geodesic dynamics of massless and massive test particles in the modified spacetime. Through the
effective potential formalism, it was shown that the dark photon sector reshapes the photon sphere, modifies the stability of circular
orbits, and alters the impact parameter and capture cross-section for light. The analysis of the effective force and Lyapunov exponent
further highlighted the role of dark sector parameters in modulating the orbital stability and chaos near the BH. We observed that
higher m,, suppresses gravitational attraction at short distances, while larger g;, enhances it, leading to contrasting effects on photon
trajectories and matter dynamics. A comprehensive study of the ISCO parameters revealed that dark photon interactions lower the
ISCO radius and energy for increasing g, while increasing m s tends to push the ISCO outward. This directly influences accretion disk
structure and energy release efficiency. The behavior of angular momentum and orbital velocity profiles further confirmed that these
corrections produce measurable deviations in disk rotation curves, suggesting possible constraints from observational astrophysics.
The study of the geodetic precession frequency ®gpr indicated that dark sector fields leave imprints on relativistic frame-dragging,
especially near the event horizon.

We also examined the shadow properties of the BH by numerically evaluating the photon sphere radius r,;, and the shadow radius
R,. It was demonstrated that increasing m,, compresses the shadow due to exponential suppression, while increasing g;, expands the
silhouette by enhancing spacetime curvature. Finally, we investigated the phenomenon of superradiance by solving the Klein-Gordon
equation for charged scalar perturbations in the presence of dark photon fields. The conditions for wave amplification were derived,
and it was shown that dark sector couplings can significantly enhance or suppress the superradiant scattering process. These findings
offer a potential probe into the interaction strength between standard and hidden sectors via astrophysical observables. In conclusion,
our study illustrates that the inclusion of dark photon fields in models leads to a wide array of modifications in their thermodynamic,
geometric, and dynamical characteristics. These corrections physically manifest as changes in the horizon structure, thermal emission
rates, orbital stability, shadow geometry, and wave propagation phenomena.

In comparison to other hidden sector models like scalar fields and axions which often introduce modifications through potential-
driven dynamics, leading to phenomena like axion clouds or boson stars, while vector portal models typically couple hidden gauge
bosons to the Standard Model via kinetic mixing. The dark photon scenario considered here provides a distinctive mechanism through
Yukawa-type interactions and higher-order magnetic dipole corrections, which directly deform the spacetime geometry and strongly
affect geodesics, shadows, and superradiance. This comparison highlights the unique feature of the DPM is its ability to simultaneously
alter BH optical properties and wave amplification conditions thus offering a complementary and testable pathway relative to other
hidden sector candidates. Current instruments such as the Event Horizon Telescope (EHT) already constrain the size and circularity of
the M87* and Sgr A* shadows at the ~ 10 % level. In our model, variations in the dark photon parameters (m 4/, gp) shift the photon-
sphere radius and consequently the shadow size by comparable or larger fractions, depending on the parameter range. This suggests
that the present EHT data already provide meaningful constraints on certain regions of the parameter space. Looking forward, next-
generation very-long-baseline interferometry (VLBI) arrays, such as the planned EHT, will offer higher dynamic range and angular
resolution, allowing for sub-percent level precision in shadow size and potential detection of subtle distortions. Thus, while current
EHT observations can place preliminary bounds, future instruments will be able to decisively test the predicted shadow modifications
due to dark photons.
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