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1. Introduction

The paper [16] introduces a concept of time-dependent family of finite-dimensional alge-
bras, called as a ‘flow of algebras’. This flow can be seen as a continuous-time dynamical
system, where the states are finite-dimensional algebras with cubic matrices of structural
constants that satisfy Kolmogorov—Chapman equation (KCE) [16,17,28]. There are sev-
eral kinds of multiplications between cubic matrices [2,20]. Therefore one has to fix a
multiplication and then consider the KCE with respect to the fixed multiplication [17].
A flow of algebras is two-parametric family, which is a generalization of (one-parametric)
deformation of algebras motivated in physics [15] and moduli theory [12].

In [6], Markov processes of cubic matrices are studied which are a two-parametric fam-
ily of cubic stochastic matrices satisfying the KCE. In the book [26], several dynamical
systems of biological models such as dynamics generated by Markov processes of cubic
stochastic matrices; dynamics of sex-linked population; dynamical systems generated by
a gonosomal evolution operator; dynamical system and an evolution algebra of mosquito
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population; and ocean ecosystems were studied. This book also gives motivations of such
investigations.

In [5], the notion of chain of evolution algebras is introduced that is a particular case
of the flow of algebras. Classification in chains of two-dimensional and three-dimensional
evolution algebras are given in recent papers [21,22].

In this paper, we consider a flow of two-dimensional algebras found in [16]. We
find condition (depending on time) for two algebras of this flow to be isomorphic at
different times. Moreover, we show that the flow comprises of uncountable pairwise non-
isomorphic algebras, including one commutative algebra. We compare our results with
known classification of two-dimensional real algebras.

1.1. Cubic matrices

Following [2,18,20,25] recall the notion of cubic matrix and different associative multipli-
cation rules of cubic matrices: a cubic matrix Q = (qijk)?} 1 isan m?>-dimensional vector
which can be uniquely written as

m
Q= Z ijkEijc>

ijk=1

where E;jx denotes the cubic unit (basis) matrix, i.e. Ejjx isa m?>-cubic matrix whose (i, j,k)th
entry is equal to 1 and all other entries are equal to 0.

Denote by € the set of all cubic matrices over a field F. Then € is an m’-dimensional
vector space over [, i.e. for any matrices A = (“ijk)?,},k:l’B = (bijk);g‘,k:l €l lel, we
have

A+B = (a+ byp)lyey €€ A= (lag)lh_, € €.

In [18] (see also [17]), some simple versions of multiplications between cubic matrices are
given. Denote I = {1,2,..., m}. Following [20], we define the following multiplications for
basis matrices Ejj:

Eijk *q Etnr = OkiEia(jn)rs (1)

wherea: I x I — I, (j,n) — a(j,n) € I, is an arbitrary associative binary operation and
Oy is the Kronecker symbol.

1.2. Two-dimensional algebras over R

The classification problem of finite dimensional algebras is important in algebra. In [3],
author considered such problem for two-dimensional algebras over the field of real num-
bers R and gave classifications of two-dimensional general, commutative, commutative
Jordan, division and evolution real algebras. In [1], authors considered the problem over
algebraically closed fields.

Now we use some notions provided in [3]. Let A be any two-dimensional algebra over
afield F and e = {ej, e} be a basis for A. If ¢; - ej = A}’jel + Aiz)jez, i,j = 1,2 is a multipli-
cation table for e, then the matrix of structural constants of A with respect to the basis e is
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as follows:
Al, AL, Ay, A)
A= ( L Al Ao %2) '
Ay ALy Ay Ay
Let F = R and for the simplicity, we use the notation

[ ar a3 ay
A_(,BI B B3 ﬂ4)’

where a1, a2, a3, a4, B1, 2, B3, P4 stand for any elements of R.

(2)

Theorem 1.1 ([3]): Any non-trivial two-dimensional real algebra is isomorphic to only one

of the following listed, by their matrices of structural constants, algebras:

Al(c):(al @ et a4), where ¢ = (a1, 02, a4, f1) € R,

p1 —a1 —ar1+1 —az

Ax(e) = (Zi ;2 ] —0a1 (1)) where 1 > 0, ¢ = (a1, /1, f2) € R?,

As(c) = (;i ,gz ] —Oa1 _01) , where B >0, ¢ = (a1, 1, 2) € R,

Ay(c) = (ﬁol ﬁlz i _01) . wherec = (81,5, € R?,

as@= (4 g1y o) wheree= @ fo) < R

As(c) = (0!11 2a10_ . _00Cl g), wherec = a; € R,

A7 (c) = (Zi ! —0a1 —(()11 (1)) ., where 1 > 0,¢ = (a1, 1) € R?,

Ag(c) = (Zi ) —0a1 _(;1 _01) , where 1 > 0,¢ = (a1, 1) € R?,

Agy(c) = (1?1 i (1) _01) , wherec=p e R,

Aio(c) = (061 X —0a1 _(;1 8) , wherec=a; € R,
(20 a1
(00 a0 9)

00 0 0
Als_(l 0 0 0)'

As shown in the following example, two algebras with different parameter values,

belonging to the same class as defined in Theorem 1.1 may not be isomorphic.
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Example 1.1: We consider the algebra A;(c) with parameters ¢ as follows: a; = a; =
a4 =p1=0anda; = az = aq4 =0, 1 = 1, then we have the following algebras:

0 0 1 0 0 0 1 0
A1(0,O,0,0)—(0 - 0), A1(0,0,0,1)_<1 0! 0).

The multiplication tables for these algebras are as follows:
A1(0,0,0, 0): eje; =0, eea =0, ee; =e+e, ee =0
A1(0,0,0,1) : e1e; =¢y, ejep =0, ee =e +e, ee=0.

Assume that A; (0, 0,0, 0) and .A; (0,0, 0, 1) are isomorphic. Then there exists a change of

. er = x1e1 + x2e2
basis as follows: { _ where x1, X2, ¥1, ¥2 € R and x1y2 # x2y1. Hence,

ey = yie1 + )2e2
’5121 = (x1e1 + xzez)(xlel + x2e2) = x2x18201 = X1 (€1 + e).

On the other hand, eje; ="e; = y1e1 + y2e2. It follows that y; = y, = xx;. Likewise,
ee] = yaxieze; = yoxi(er + e2) and eye; =e; +e2 = (x1 + y1)er + (x2 + y2)ez. Then
we have x1 + y1 = x3 + y2 = y2x), it means that x; = x,. It is a contradiction to x;y, #
X2)1-

Thus we have the following.

Remark 1.1: The parametric algebras in a given class of Theorem 1.1 may not be isomor-
phic for different parameters.

1.3. Flow of algebras

Following [16] we define a notion of flow of algebras (FA). Consider a family

(A s teR 0<s<t)

of arbitrary m-dimensional algebras over the field R, with basis ej, e3, . . ., e, and multi-
plication table
m
ciej = cl[j,f]ek, ii=1,...,m. 3)
k=1

Here parameters s, t are considered as time.
Denote by M5!l = (C,[]-S;;t])i jk=1,...m the matrix of structural constants of A,

Definition 1.1: Fix an arbitrary multiplication of cubic matrices, say * .

A family {A[S’t] :s,t € R, 0 <s < t} of m-dimensional algebras over the field R is called
a flow of algebras (FA) of type u if the matrices M) of structural constants satisfy the
Kolmogorov-Chapman equation (for cubic matrices):

MBI = pqlerl] * M forallo<s <7 <t (4)
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Definition 1.2: An FA is called a time-homogeneous FA if the matrix M5} depends only
on t—s. In this case, we write M[f=S],

Definition 1.3: An FA is called periodic if its matrix M 5!l is periodic with respect to at
least one of the variables s, t, i.e. (periodicity with respect to t) MS!FF1 = AMIst for all
values of t. The constant P is called the period and is required to be nonzero.

Remark 1.2: Following [16], we give a comparison of FA with Deformations of Algebras:
In the case of finite-dimensional algebras, a deformation refers to the transformation of
a given algebra into another algebra with the same dimension [10]. This is equivalent to
changing the multiplication table (structural constants) of the given algebra to another one.
Often, the algebra at t = 0 is considered as the initial algebra, and the algebra at the cur-
rent time ¢ is considered as the current algebra. In [10] (see also [9]) deformations of an
algebra A are given by a bilinear function f;. That is, one considers the algebra A; with mul-
tiplication f; as the generic element of a ‘one-parameter family of deformations of A’. Thus
deformations of an algebra are given by the rule f;, which has an explicit form. Similarly, a
flow of algebras is given by M 5] with the rule (4). Some relations of an FA can be also seen
in the following example: a plane deformation [23] is restricted to the plane described by
the basis vectors ej, e;. It is known that the deformation gradient of this plane deformation
has the form

cosf sinfd 0 Ar 0 O
F=|—sin0 cosf 0 0 1, 0]},
0 0 1 0 0 1

where 6 is the angle of rotation and 4;, 1, are the principal stretches. Comparing this
matrix with matrix (8) (see below) one can see that the corresponding FA and the plane
deformation have similar matrices.

To construct an FA of type u, one has to solve (4). In this paper, we consider one its
solution for the case m = 2 and a fixed multiplication of cubic matrices called type C.

2. Two-dimensional flow of algebras

Let m = 2 and consider two-dimensional flow of algebras [16], which is defined by
multiplication:

Eijk “Eppr = 5klé}nEijry (5)

where dj; is the Kronecker symbol.
The multiplication (5) and corresponding FA are called type C in [16]. Extending this
multiplication to arbitrary cubic matrices

A= (“ijk):'g',k=1’ B= (bﬁk);flj,k=1’ C= (Cﬁk)z,k=1’

we get that the entries of C = AB can be written as

m
Cijr = Z aijkbkjr-
k=1
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Write cubic matrix M54 for m = 2 in the following convenient form:

C[s ] C[s,t] C[s,t] C[s,t]
Mt — | ‘111 112 211 9212 (6)
[s,t] [s,t] [s,t] [st] J-
€21 S22 | 21 Gn
In this case, Equation (4) has the following form:
Clesr)t] - CI[JSIT]CErt] + Cl[JSZT]CZrt]’ i>j’ r=12.

This is a quadratic system of eight equations with eight unknown functions cllj;t] of two

variables s, t, 0 < s < t. If we consider four equations with j = 1, the unknowns in them
do not participate in the other four equations with j = 2. Therefore the equations for j = 1
and j = 2 are independent. Hence it suffices to solve the system only for j = 1. Denote

[s t] [s,t]

a;”" = c;;, and we have the following system:

il =il e

-
s,t S, T T,t s1: T,t
S L i
St ST ST 7,
Ay, =031 Ay +ay Ay .

The full set of solutions to the system (7) is not known yet. But there is a very wide class of
its solutions, see [5,13,24,27]. One of these known solutions is the following matrix:

agsl’t] a[lsz’t] _f cos(t—s)  sin(t—s) (8)
agsl’t] agsz’t] ~ \—sin(t—s) cos(t—s))"
Remark 2.1: Note that the matrix (7,8) defines a linear rotation flow [19,23].

By (a > t]) we denote the matrix transposed to matrix (al[js’t]). Any pair (a ) (a[S t]) of
solutlons of the system (7) generates an FA of type C corresponding to the matrlx M[S’t]
with entries

[s,t] _ [st] [s,t] _ =[st]

Citr = % > i2r = “ir

For the matrix (8) we get the following cubic matrix, which generates an FA of type C:

Mlst) — cos(t—s) sin(t—s) | —sin(t —s) cos(t —s) 9)

cos(t —s) —sin(t —s)| sin(t—s) cos(t—s))"
We note that a cubic matrix (c,]k) k=1 generates a commutative algebra iff c;x = cjix. Hence
the algebra A!%) of the FA corresponding to the cubic matrix (9) is commutative iff cos(t —

s) = —sin(t —s), ie. t =s+ 3T” +zn,n=0,1,2,.... Therefore this FA is almost non-
commutative (with respect to Lebesgue measure on 7 = {(s,#) : 0 < s < t}).

Note that this FA is a time-homogeneous, therefore we can consider it with respect to
one time parameter? =t — 5. So for convenience, we write Al!! instead of Al>!],

Remark 2.2: The FA (9) is periodic and its period is 27 .
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The main problem of this paper is to classify algebras of A!*], i.e. at different values of time
FA forms various algebras, we need to find the time-dependent conditions under which
algebras are isomorphic.

Let {e1, e2} and {e}, €} } are bases of algebras Altl gpd Alta] respectively. We consider the
following multiplication table of basis {e;, e} corresponding to (9):

eje] = ci11€1 + c112e2 = costie; + sintiey,
ejey = ci21€1 + 12282 = costie; — sintiey, (10)
10
erer = c11€1 + ¢2126p = —sintje; + cos tep,
exey = Cx1€] + Crppex = sintje; + costies.
Assume that A1) and Al are isomorphic, i.e. we assume the isomorphism map e; to ¢/.
Then there exists a change of basis as follows:

(11)

{e’l = x161 + X202

/
e, = yi1e1 + e,

where x1,x2, y1, 2 € Rand x1y2 # xy1.
We can also write a multiplication table similar to (10) for {e},e}}. On other hand
from (11), we have

/o 2 2

e e; = xjerer + x1xze1e2 + x2x1€2€1 + Xx5€2€7,

/ /]

eje; = x1y1e1e1 + X1y2e1€2 + x2y1€2€1 + X2)2€2€2,

/)
e,e; = Xx1y1e1e1 + x2y1e1e2 + X1y2e2e1 + X2)262€2,

/ 2 2
€6, = yierer + yi1yze1ex + y2y1eze1 + yrexer.

If we use (10), then after some easy calculations we get
eiey = (x3 costy + x1x2(cost; — sinty) + x5 sint;)e; +
+ (x% sint; + x1xz(cos t; — sinty) + xg cos ti)ey,
€€y = (x1y1 cost; + x1y2 costy — xay1 sinty + xpy2 sint)e;+
+ (x1y1sint; — x1y2 sinty + x2y1 cos ty + x2y2 cos t)ea, 12)
e’ze’1 = (x1y1 cost; + xay1 costy — X1y sinty + x2y7 sinty)e;+
+ (x1y1 sint] — xpy1 sint) + x1y3 cos by + x2)2 cos t1)er,
ehey = (y3 costy + y1ya(costy — sinty) + y5 sin t1)e;+
+ (y% sint; + y1y2(cost; — sinty) —l—y% costy)e;.
If we use the multiplication table of {¢], €,} and the change (11), then we have
€iel = (x1 cost + y1 sinr)e; + (x2 costy + y2 sinty)es,
€ey = (x1 costy — y1 sinty)e; + (xa costy — ypsinty)er, 13)
13
éyel = (—x1sinty + y1 costr)er + (—xzsinty + y, costr)ea,
€e)

= (x1 sinty + y1 costr)e; + (x2sinty + 2 cos tz)es.
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By equating the coefficients of the corresponding terms in systems (12) and (13), we obtain
the following system:

xf cost; + x1x3(cost; —sinty) + x% sint] = x1 costy 4+ y1sinty

x% sint] + x1x2(cost; — sinty) + x% cost; = xpcosty + ypsinty

X1)y1 €ost] + x1yp costp — xpy1 sint] + xpyp sint; = x1 costy — yp sint;
x1y18inty — xpyz sinty + x2y1 cost] + x2¥2 cos ] = Xz cos fy — yy sinty
X1y1 cost] + x2y1 costp — x1y2 sinty + xzyz sint; = —x1 sinty 4+ y1 costy
X1y18int; — x2y1 sinty + x1y2 costy + xay2 cost] = —xy sinty + y2 costy
y% cost] + y1y2(cost; —sinty) + y% sint; = x sinty + y; costy

y% sint; + y1y2(cost; —sinty) + y% cost] = xp sinty + y2 cos fp

X1y2 # X2)1.

We write this system in the following convenient form:

(x% + x1x,) cos t] + (x% — x1x2) sint; = xj costy + y; sinty

(x% + x1x;) cost; + (x% — x1x2) sint; = xp costy + y2sinty

(x1y1 + x1y2) costy + (x2y2 — x2y1) sint; = xj costy — y; sinty

(2291 + x2)2) cos ty + (x1y1 — x1y2) sint; = x2 costy — y2 sinty

(x1y1 4+ x2¥1) cos ty + (x2y2 — x1y2) sint; = y; costy — x] sinfp (14)
(x1y2 + x2¥2) cos t] + (x1y1 — x2y1) sint; = y2 costy — x; sintp

(73 + y1y2) costy + (¥ — y1y2) sint; = yy costr + x sinty

(y% + y1y2) cost + (y% — y1y2)sint; = y, costy + xz sinfy
| X1Y2 # x2)1.

For convenience, we denote
Xi+x2=u yi+yp=v, xx1—X=a yi—y=/p. (15)
Then the system (14) will be in the following form:

'xlu cost] — xpa sint] = xj costy + y1 sinty
Xpu cost] + xja sint; = x3 costy + yp sinty
xX1vcosty —xyfsint; = xj costy — yysint
xaveosty +x1fsint) = xycosty — yzsinty
1 y1ucosty — yrasinty = y; costy — x1 sint, (16)
yaucosty + yra sinty = yp costy — x2 sintp
y1vcosty — ypfisint; = yj costy + x; sinfp
yaveost] + y1fsint; = ypcosty + xzsinty

| X172 # X201
Note that u? + v? # 0 and a? + 2 # 0, otherwise X1y2 = x2¥1. From (15), we have
u+a u—a v+ p v—p
X1 = 5 Xy = > )/1 = > )/2 = .

2 2 2 2
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Then the expression x1y, # x2y; takes the form av # uf and by adding each of two
equations of system (16), we obtain

u*cost; + a’sint; = ucost, + vsinty

uvcost; +af sint; = ucost, — vsint,

uvcost; +afisint; = vcost, — usint, (17)
v2costy + f2sint; = vcost, + usint,
| av # up.

If the system (14) has a solution {x1,x3,¥1, 2}, then the system (17) also has a solu-

tion {u, v, a, f}. By our assumption, the system (14) has a non-trivial solution, then the
system (17) also has a non-trivial solution.

From the second and third equations of the system (17), we get

ucosty —vsinty = vcost, — usinty,
u(costy + sinty) — v(cost; + sint;) = 0.

Therefore

(u —v)(costy +sinty) =0 (18)
From the last equality, we have two cases.
Casel. Letu = vthenx; +x2 = y1 + y2 = u.
In this case, the system (17) will be in the following form:

u? cos t1 +a’sint; = ucost, + usint,

u? cos t1 +afsint; = ucosty — usint, (19)
u?cost; + f2sint; = ucosty + usint,

av Z uf.

Note that x; # y;,i = 1, 2 otherwise x1y, = x,y;. From the first and third equations of this
system, we get

a’sint; = /32 sin tj. (20)
Case 1.1. First we consider the case sint; = 0 then cost; = %1.
sint; =0 w2 = ucost, + usint,
Let ! , then from (19) we have ) )
cost; =1 U =ucosty —usint,

We know that u # 0, then

u=cost +sint,
U =cost) —sink

From this system we get sinf, = 0, then cost, = =£1. In this case u = £1.Therefore

=+1
Mt , solutions of this systems are
y1+y==1

1=y, Xxp=%*l-y, ypn=u yp==+l—-u, y#p y,uck (21)
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The case sinty =0 is similar to the above case.
cost; = —1
In this case from sin f; = 0 it follows that sin #, = 0 and solutions of the system (14)
are (21). And we have the following isomorphic two-dimensional algebras A; and A_;
with structural constants matrix

1 0/0 1 -1 0/0 -1 )
M1—(1 ol o 1) and M_l—(_l 0‘0 _1) respectively.

Indeed if we take the change of basis e; = —e;, i = 1,2, then it is easy to see that they are
isomorphic.

Case 1.2. Now we consider sin t; # 0. From the equality (20), we have > = 2. It means
that @ = £ and note that  # 0.

Case 1.2.1. If o = f3, then av = uf (since we are considering the case u = v). It is
contradiction.

Case 1.2.2. Let & = —f3, then we have the following system:

X1 — X2 =0

X1+x2=u

Y1 — )2 = —a
yty2=u
Solution of this system is x; = y, = ”er“, Xy = y1 = “5~. In this case
X1 X2
Yy 2
and the system (19) will be
u?® cos t + a? sin ti = ucosty +usint,
u?cost; —alsint; = ucosty — usinty (22)
ov Z£ uf.

By adding the first two equations of this system, we have
Uucost] = costp. (23)

Case 1.2.2.1. Letcost; = 0, then cost; = 0. Since @ = —f, in this case the system (16) will
be
'—xza sint; = y;sint

xjosint; = ypsinty

yra sint; = x) sinty (24)
yiasint; = —x; sint
| X1y2 # X201
Assume that x; # 0. Since we are considering the case u =v anda = —f, we get from (15)
that x; = y2, x2 = y1. Then we have from (24) o = :iﬁ 2, X2 = y1 = 0 and in this case

= S0 — 41 From (22) u = a = =1, it means that x; = 1.

sin t;
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In this case from cos t; = 0 it follows that cos t; = 0 and solutions of the system (14)
are x; = ¥, = %1, x = y; = 0. And we have the following isomorphic two-dimensional
algebras Af and Aj with structural constants matrix

0 1(|-1 0 - 0 —-1{1 ©
+ _ —

M _(0 —1‘1 o) and MO_(O 1‘—1 o)
respectively.

Proposition 2.1: A(J,r is not isomorphic to A;.

Proof: Indeed if we assume that they are isomorphic, then we have a system similar to (14).
And this system will be in the following form:

'x% + x1%2 =N

x% +x1%0 =

X1Y1 + X1y2 = —)1

X2)1 + X2y2 = —)2

xX1y1 + x2)1 = —x1 (25)
X1Y2 + X202 = —x2

Yty =x

Ve =x

| X172 # X201

If we add the equations of the system, then we obtain
(x1+x2+ 0 +)/2)2 =0. (26)
We get the following system by adding the first and last two equations:
{(xl +x) =y +m
01 +92)* = x1 + %2
In turn, we form

14+ +01+n) =n+nt+a+xn

from these equations. From the last equation and (26) we have x; +x, = y1 +y, = 0. It
is contradiction to x1y; # x2¥1. ]

Case 1.2.2.2. Let cos t] # 0, then cos t; # 0 (see (23)). From (23), we obtain

Cos t;
U= -2 (27)
Cos f1

If we use the equality (27) in the system (16), then we have the system (24) again (note that
u=vanda = —p).
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In this case sin t; # 0, otherwise we get x; = x2 = y; = y» = 0 from (24) and sin t; #
0, o # 0 (see Case 1.2.), it is contradiction.

If we assume x; # 0, then we have o = :ﬁ Z and x; = y; = 0. Indeed, in the case we
are studying, a = —f (see Case 1.2..2.) and x; = y, = ¥4%, x, = y; = “5%. Applying the
last equalities to (24), we get o = 5o Z and x, = y; = 0. It implies thatx; = u =a = y,

(see (15)).
In this case by system (16) we have that the system (14) also has a unique solution x; =

p=a=u=: Z # 0,x2 = y; = 0. Since o = u, the equality

sin tp cos

sin t; cos fy

must be satisfied for the system (14) to have a solution. Consequently sin(t; — t1) = 0, i.e.
b=t +nk keZ.

Ifx; = 0, then we can assume x; # 0.Inthiscase,x; =y, =0,x; =y1 =u=—a #0
(see (15)) and o = —ziﬁz (see (24)), also sin(t, — t1) = 0.
So, if sin t; sin f; cos t; cos t; # 0, then the system (14) has a solution

COS COS
X1 =y = Costf,xz =y1=00rx; =y, =0,% =y = COstf,wheret‘z =tHh+rk ke

Z.
In this case, we have the following two-dimensional algebras AL, and A , with
structural constants matrix

+ _ (cost ~/1—cos?t
MCOSt_(

cost —~/1—cos?t

—v/1 —cos?t cost and
V1 —cos?2t cost

V1 —cos?t cost
—v/1—cos2t cost

_ (cost —+/1 — cos?t

st \ cost /1 —cos?t

) respectively,

where cost € (—1;0) U (0; 1) and the sign above Mo represents the sign of the sin ¢ in
the matrix (9).

The following theorem answers the question of whether the algebras found are different
algebras.

Theorem 2.1: (1) Al isisomorphic to A~ ., for any cost € (—1;1) \ {0}.
(2) At . isnot isomorphic to AT for any costy,costy € (0;1),cost; # costy.

cos ty cos tp
(3) ALy, is notisomorphic to A_,, for any costy,costy € (0;1),cost; # costy.
for any cost1, costy € (0;1).

CoS f1

(4) AT .. isnot isomorphic to A

Cos f1

coS Iy

coS fp

Proof: (1) Let {e1, ez} and {e}, e} be bases of AL, and A~ ., respectively. If we take the
change e] = —ej, €5 = —e; of basis then it is easy to see that they are isomorphic.

(2) Assume that AT 4, is isomorphic to AL, 1, for some cos t1,costy € (0;1),cost; #
costy. If {ey, 2}, {e}, €3} be bases of AL ,, and AL , respectively, then from the above-

mentioned results (see Case 1.2.2.2) it is easy to see that there are only the following changes



LINEAR AND MULTILINEAR ALGEBRA 13

of basis:
(a) [ei RO iei G iei —% L@ [ei _
62 =€ 62 = —e 62 =€ 62 = —€
It is not difficult to check that if we take the change of basis (a) or (c), then it follows that
cos t; = cos t;. If we take the change of basis (b) or (d), then it follows that cos f; = — cos t,.
It is contradiction.
(3) The proofs of (3) and (4) are similar to the proof of (2). |

The first part of Theorem 2.1 means that A, with positive cos ¢ (with negative cos t)
is isomorphic to A_,,, with negative cos t (with positive cos t).

Case 2. Let cost) = —sint,. In this case, Al2] is commutative. According to our
assumption Al s also commutative. It means that cos f; = — sin t;. Therefore in this case
t1, b € {%” + 7k, k=0,1,2,...}. The possible cases in this case are as follows:

3 3 7T 7

I =— h=— Hh=— Hh=—

(@) o ) o RG] o 7w o @ o 3%
27 27 27 27

h = t
For the cases (a) and (c): {C,OSI C.OS 2 and for the cases (b) and (d):
sint; = sint

Cost; = —costy . . . .
) ] . In this case from cost, = — sin t, it follows that cost; = —sin
sint] = —sint

and one of the solutions of the system (14) isx; =y, =1, % =y1=0o0r x1 =y, =
—1, x; = y1 = 0. And we have the following two-dimensional commutative, isomorphic
algebras A_, and A, with structural constants matrix

e I B 2oz
Ma=\_h vy _a) @ M=\js 4| 8 &
2 2 2 2 2 2 2 2

respectively.
From the above results, we obtain the following theorem. In this theorem, we give a time-
depending classification of time-homogeneous FA Al!l corresponding to the matrix (9).

Theorem 2.2:
(A, ifte{rk:kel)
A ifte{£+7rk:kel}
’ 3
Ay, ifte —n+7rk:keI]
Al ~ 4 .
AL, ifte U (nk;5+7rk)
kel
_ . T 3w
Acost’ lftekLEJI((E-i-ﬂ'k;ﬂ' +7Tk)\<7+71’k})

where I = {0, 1,2,...} is set of nonnegative integers and cost € (0;1).



14 U.A.ROZIKOV ET AL.

4, a5 A A a5 4
m/' mm@ X
o L t

2 4 2 4

Figure 1. The partition of the time set {(0, t) : 0 < t} corresponding to the classification of algebras in
the FA Al? with the matrix (9).

We can better see the essence of the theorem using the figure below (Figure 1).
It is known [14] that a finite-dimensional algebra A with a matrix of structural constants
(c,-jk);’} k1 is associative iff

m m
Z CijrCrkl = Z CirlCikr»  foralld, j, k, L. (28)

r=1 r=1

Now we check the associativity condition for FA A with the matrix (9). For m = 2, the
system (27) will be the following form:

CijIC1kl + CipCaki = CilCjk1 + CiiCiky b j k1 =1,2.

After some easy calculations we have the following remark.

Remark 2.3: Among the algebras given in Theorem 2.2, only A; and A, are associative.
And note that A, is associative and commutative algebra.

Does this FA include evolution algebra? Before answering this question, we recall some
notions.

Definition 2.1 ([28]): Let (E, -) be an algebra over a field K. If it admits a basis e7, ez - - - ,
such that

€j'€j=0, ifi;éj;

e = Z ajex, foranyi,
k

then this algebra is called an evolution algebra. This basis is called natural basis.

Note that an n-dimensional evolution algebra is a non-associative, commutative alge-
bra. In [4], necessary and sufficient conditions for a given commutative algebra to be an
evolution algebra were found.

The flow we considered has only one commutative algebra A;, and it is associative.

Remark 2.4: The FA Al!l corresponding to the matrix (9) does not include any evolution
algebra.
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3. Comparison with Theorem 1.1

Theorem 3.1: The algebras mentioned in Theorem 2.2 have the following relations with
classes of Theorem 1.1:

2

~ 1 —sint Y 1 sin t
A::)stzA2 (5’0 )’ Acost=A3 (E’O )

> 2cost " 2cost

1 1 1
Al = As (5,0) . A§ = A3(0,0), Ay = A (E’O’ —) ,

Proof: If we write the matrix (6) in the form of the matrix (2), then the matrix of structural
constants (9) of the time-homogeneous FA will be the following:

MLt]:(COSt cost —sint sint). (29)

sint —sint cost cost

+

First we consider the algebra A___,.

change of basis

Now we use the change of basis as in [3]. If we take a

1 1
e] = (e1+e), e =—F—(e1—e2),
'™ 4cost > 24 /sin2t
then the matrix of structural constants of AT _, will be the following:
1
N 2 0 0 1
MCOS t,e* == — Sin t 1 > (30)
0 1o
2cost
where sint, cost € (0;1).
It means that A, is isomorphic to A, (3,0, 73218),
Similar to the above case we can show that A_, is isomorphic to ./43(%,0, zsigst 1)

Consequently A, is isomorphic to A3 (%, 0, %).
Now we consider the algebras Aj and A;". We write their matrices of structural constants
similar to (2). Then we get the following matrices respectively

w30
and
v Y ) .
If we take a change e} = %el, e; = —ey + ey for (31), then we get
1000
Mie = ((2) o 1 0)'

It means that A; is isomorphic to A3 (%, 0).
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If we take a change e] = —%(el +e), &5 = %(61 — ey) for (32), then we get
0 0 0 -1
+
Moo = (0 1 0 0 )
Hence, the algebra A is isomorphic to A (0, 0). [ |

4, Discussion and applications

In this paper, we have fully classified algebras in a flow of two-dimensional algebras defined
by cubic matrix (9). Namely, we found condition for two algebras of this flow to be iso-
morphic at different times. Moreover, we showed that the flow comprises of uncountable
pairwise non-isomorphic algebras.

Since isomorphic algebras can be considered essentially the same from an algebraic per-
spective, as they share all fundamental properties and structures, our Theorem 2.2 is very
useful to separate time intervals where corresponding algebras of flow are the same (up to
isomorphism). Moreover, the classification depending on time can help in understanding
how systems evolve, how symmetries change, or how interactions are structured over time.
In particular, this classification is applicable to:

Time evolution of quantum systems: In quantum mechanics, classifying time-dependent
algebras helps in studying systems whose Hamiltonians or symmetries evolve over time.
This is essential in quantum groups, quantum field theory and quantum computing
where time evolution plays a critical role. Different time-dependent algebraic structures
correspond to different dynamic symmetries or time-evolving quantum states [7].

Evolving geometric structures: Non-commutative geometry generalizes the concept of
space and geometry to non-commutative algebras. Classifying time-dependent algebras
helps in modelling physical systems where the underlying ‘space’ is not fixed but evolves
with time, such as quantum space-time models [8].

Deformations of algebras: Time-varying representations are connected to the study of
deformations of algebraic structures, which arise in areas like deformation quantization
and time-varying quantum symmetries [9].

Phase transitions: In materials science and crystallography, the classification of algebras
that describe symmetry groups can change during phase transitions (e.g. from solid to
liquid or vice versa). Time-dependent algebras model systems where symmetries change
as the material undergoes structural or phase changes over time, providing insights into
dynamic processes at the microscopic level [11].
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