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Abstract. Maximal operators associated with a class of singular parametrized surfaces in R® are an-
alyzed in the paper. Boundedness of such operators in Lebesgue L? space for p > 2 is shown. It is
also proved that at least one of the principal curvatures does not vanish at each regular point of these
surfaces.
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1. Introduction and preliminaries

Let S be a hypersurface in R"*! with a surface measure dS. Let us denote the "average" of
f on R™*! along the t-dilate of the hypersurface S as

Af(y) = /S f(y — ta)p(@)dS(x), t > 0,

where 1 is a non-negative infinitely smooth function with compact support, i.e., 0 < ¥ €
CE°(R™1) and f € C§°(R™T1).
The associated maximal operator is defined by the following relation

Mf(y) = sup | Acf(y) |- (1)

The maximal operator (1) is said to be bounded on LP := LP(R"*!) if there exists C' > 0
such that for any function f € C§°(R™"!) the inequality

[Mflle < CIfll e

holds true, where || - ||z» is the natural norm of space LP.
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The prototype of such kind of maximal operators is Stein’s maximal function (in which S is
the Euclidean unit sphere centred at the origin). It is known [1] that spherical maximal operator

(1) is bounded on LP(R™) for p > “ 77 > 3 and it is not bounded on LP(R™) whenever
n—

n
p < —3 The two dimensional case of Stein’s result was considered by Bourgain [2].

Then Greenleaf proved that maximal operator (1) is bounded on LP(R"*!) for n > 2 and
p > (n+1)/n when hypersurface has everywhere non-vanishing Gaussian curvature [3]. Moreover,
Greenleaf showed that if hypersurface has at least k(k > 2) non-vanishing principal curvatures
then maximal operator is bounded on LP(R"*!) (n > 2) for all p > (k + 1)/k. Later similar
result for more difficult case k = 1 was obtained by Sogge [4].

Also, maximal operators (1) have been investigated [5-9]. Boundedness of maximal operators
related to singular surfaces in three and multidimensional Euclidean spaces was studied [10-16].

2. Statement of the problem

Definition of the fractional power series is given in [17].

Definition 1. Let V' C RY be an open connected set such that 0 € V, f is called a fractional
power series in set V if there is an open set W C R"™ containing V', a natural number N and
a real analytic function g in <I>X,1(W) such that the identity f = g o ®y,n holds in set V, where

Oy : R® — R" is a map given by the formula ®y(x) = (xV, 25, ... 2]).

Let us consider a class of singular parametrized surfaces in R? defined by
ai, a by, b
z1(ur, uz) = 11+ uftug® g1 (un, uz), T2(ur, uz2) =2 + uyus’ g2 (ur, us),

xg(u1,u2) =13+ uitus?gs(uy, ug), (2)

where 71,79, 73 are any real numbers, a1, as, b1, bs, ¢1, co are non-negative rational numbers, u; >
3 ; ories
0,us > 0 and {gx(u1,u2)};_, are fractional power series.
For further statements the following designations are introduced

a1 b by ap €

31: 7B3:

aB2_‘

az by by e az Cg

L? — boundedness of the maximal operator (1) was studied in a small neighborhood of
the point (rq1,7r2,73) # (0,0,0) [10-12,15,16], when p > 2 and at least two of the numbers
Bi, Bs, Bs are non-zero. LP (p > 2) — boundedness of the maximal operators related to singular
hypersurfaces in the multidimensional Euclidean spaces was studied [13,14].

In this paper, the case 11 = ro = r3 = 0 in (2) is investigated. More precisely, the problem of
L? (p > 2) — boundedness of the maximal operator (1) along the parametrized surfaces of the
form

1 (ur,uz) = ufugr (un, uz), wo(ur,us) = uytugtgs(un, uz), x3(un, uz) = uf ugtgs(ur, us) (3)
is studied. These surfaces satisfy the following condition.

Remark 1. If at least one of the numbers By, By, B3 is non-zero then points of surface (3)
lying in a sufficiently small neighbourhood of the origin in Ri outside the coordinate planes
are reqular (nonsingular). Points of surface (3) lying on the coordinate planes may be singular
(see definition 2 in [10]).
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The averaging operator associated with surface (3) is defined as follows

Alf(y) = fRif<y1 — tuf ug? g1 (ur, uz), yo — tul ubga(ur, us), ys — tuilugzg?»(ul,w)) X
X P (u1, ug)dui dus.

Then corresponding maximal operator is defined by
MIf(y) = sup|ALf(y)l, y € R,
>

For the case of smooth surfaces it corresponds to a surface integral.

3. Auxiliary assertions

Let us state some necessary facts known from geometry which are used to prove main result.
As usual, the first and second fundamental forms of surfaces (3) have the following forms

G(u,du) = g11(u1,uz)du? + 2g12(u1, uz)duidug + gao(u1, us)du3,
L(u, du) = Iy1(u1, ug)dui + 2112 (uy, ug)duydug + lag(u1, ug)dus,
respectively. Coefficients of the fundamental forms are calculated by the following formulas
9ij = ij(u1,uz) = (7iT5), lij = lij(u1, ug) = (7ij, m), (4)

or _ 0%F

=, Tiyj = =——, 4,5 = 1,2, m is the unit normal vector at each regular point of
8ui 8uiuj

where 7; =

surfaces (3).
Next let us use the change of variables

ur = u1(21, 22), Uz = uz(21,22) (5)

in (3), where uy(21,22),u2(21, 22) are differentiable functions in a neighbourhood of zero in R2.
Jacobi matrix of transformation (5) is denoted by J. Then the following lemma is valid.

Lemma 1. If detJ # 0 then equalities |Z - )\é| =0 and |L — AG| =0 are equivalent equations,
where G and L are matrices of the first and second fundamental forms of surfaces (3) after the
change of variables (5).

Proof. Indeed, applying the change of coordinates (5), matrices g;; are transformed by the
following rules

- Ouy, Ouy
- E i} =1.2
Gij(#1,22) > gri(u1, ug) 92 0z, k,1 ,

or in the matrix form G = JTGJ, and, analogously, L = JTL.J (see [18], chapter 3, Sec. 16).
Obviously, principal curvatures of surfaces (3) are defined as solutions of the equation |L —
AG| = 0. It is easy to show that equality

|L — \G| = (detJ)?|L — \G|
holds true for surfaces (3). Hence, this equation indicates that lemma is correct. O
The proof of main result of this paper is based on the following result due to Sogge [4].

Theorem 1. Let S be a smooth hypersurface in R™ n > 2, with the property that at each © € S
at least one principal curvature is non-zero. With M f as in (1) above then M f is bounded on
LP(R™) for p > 2.

— 82 —



Salim E. Usmanov, Ismail Ekincioglu Maximal Operators Associated with Singular Surfaces

4. Main result

The main result of the paper is the following theorem.

Theorem 2. Let {gk(u1,u2)}2=1 be fractional power series which defined in a small neighbour-
hood of the origin of coordinate system of R? and satisfy the following conditions: gi(0,0) # 0.
Suppose that at least one of the following conditions is satisfied:

1. By # 0 and either BoBs # 0, or Bo(By + B1) #0, or B3(Bs — By) #

2. Bs # 0 and either BoBy # 0, or By(Bs — Bs) # 0, or B1(B; — Bs) #

3. By # 0 and either ByBs # 0, or B3(Bs — Ba) # 0, or By(By + Bs) #

Then there exists a small neighbourhood U of the origin in R3, such that for any function
¥ € C§°(U) mazimal operator M9 f is bounded on LP(R3) for p > 2.

Proof. Suppose that condition 1 is satisfied. Let us study the boundedness of maximal operator
M f at nonsingular points of surface (3) (see Remark 1).
Using the change of variables

UL = 27j1111, us = 27929,
in (3), one can obtain
Z1(vy,v9) = 2_(3‘1‘“'”2“2)11‘“1}“2571(2_3'11117 2792q),
To(vy,v9) = JlblﬂQbQ)vblvbzgg(27]‘11)1,27j2112), (6)

Zs(v1,v20) = J101+chz)v01v0293(2—31v1’2—321)2),

where 0,5 < v1 <2, 0,5 <we <2, j1,J2 = Jjo, jo is a large number such that implies from the
smallness of the support of 1.
Next, let us introduce the change of variables

{ w1 = Vg2 g1 (271w, 2772 0,) )

b b i i
we = v 02 ga (2791 vy, 27720,),

and assume that ¢1(0,0) = ¢2(0,0) = 1. If ¢1(0,0) < 0, ¢2(0,0) < 0, then one can obtain

—g1(u1,u2), —g2(u1, uz) instead of g (u1, uz), g2(u1, uz2).
Now, calculating Jacobian of coordinate change (7), one can find

8w1 8w2
_ v vy _ a1+bi—1, ax+bx—1 —J1 —J2 —J1 —J2
detJ; = = vf vy B1g1(277 01,277203) g2 (277 01, 27720g) + h(v1, v2) ),
awl (911}2
81)2 81)2
where

h(vi,v2) = vihy(vi,v2) + vaha(vi,v2) + v1vahs(vi, v2),

(9g1(27j11]1,27j2’02) 692(273-1’01,27]'2’02)

hl (’Ul7 1)2) = bggg(27j11}1, 27j21}2)

_ a291(2ﬁ'1v17 273'21}2)

81}1 81)1 ’
. . Oago (271 ,2—j2 ] ] Hay (2 ’2_]'2
ha(vi,v2) = ai1g1 (277 vy, 272 vy) 92(277 1 v) _ b1g2(277 vy, 27720g) 9270 vg)’
Ovy O0va
h (’U v ) _ 891(2_j11)1,2_j21}2) 892(2_j11}1,2_j2v2) _ 691(2_j11}1,2_j21)2) 892(2‘jlv1,2‘j2v2)
3(V1, V2 v, O Oug Ovy
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— fractional power series. It is not difficult to see that detJ; # 0 at the point (vy,vs).

wy = vyt vy?
by bo

W = V1 Vy,

Let us consider the system

in the first quadrant Ri and obtain

by —ag
vy = By, B
1= Wy Wy
by e (8)
By , By
vy = wy t w,

In particular, relation (8) is in the set

{(w1»w2) c Ri . 2—(a1+a2) <w; < 2a1+a2’ 2—(b1+b2) < ws < 2bl+b2}

Further, let us also introduce the change of variables

by  —az
— ., B1,, B1 5
V1 = Wy Wy a1
—by ay (9)
— B1 Bi
V2 = Wy Wy = g2

where g1, o are new variables and suppose that §; ~ 1, G2 ~ 1. As a result, system (7) implies

by  —ag —by  ay

(91)*(92)*2 9 (Q_jlwfilwfl g1, 272w w?%) =1

(10)

by —ag —b

. —= ) 21
(91)(92)*2 g2 (27]111)11?1 wy g1, 272w, 7wyt Qz) =1

Analogously, one can show that Jacobian of system (10) is non-zero in a small neighbourhood
of the point (0,0,1,1). In view of the implicit function theorem this system has smooth solutions
with respect to g1, g2 of the form

gl (2_j1 5 2_j27w17 ’UJQ) =1 + 2_j1}~7‘1(2_j1 3 2_j27w1a w2) + 2_j2 B2(2_j1a2_j27 wy, U}Q),

G2(27912772 wywe) = 1+ 277151 (27912792 g wa) 4 27925 (27712792 [y, wy)

in a sufficiently small neighborhood of the point (0,0, 1,1). Here hi, hs, p1, p2 are smooth func-
tions. It is assumed that §1(0,0,1,1) = 1,32(0,0,1,1) = 1.
Then taking into account (9), one can obtain

bo —ag
B By ~ —q —q
v =wytwy b g1(277, 2772wy, wa)

by (11)

Vg = w131 w231 92(2*J172*J2’w17w2)'
By applying relations (7) and (11) to equations (6), one can find
il(wla w2) = 2_(1'10‘1"!‘]42112)11)17 £2(w1,w2) _ 2_(j1b1+j2b2)w27

Z3(wy,wa) = 27119262 o (40 ), (12)
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—By By
where a(wy,ws) = w, " wy 't g(wy, ws),

g(wy, we) = (§1(27j1,27j27w1,w2))61 (§2(27j1727j2,w1,w2))02><
) by —ag . . X —b1 a1 . .
X g3 (2*31111151 wy b §1(2791, 2792wy, wa), 2772w, 7wyt 92(2*J1,2’72,w1,w2)).

It is well-known that second fundamental form of the surface given by parametric equations
(12) has the following form

L= Llldwf + 2L12dw1dw2 + ngdwg.

Using (4), one can find

L1y = (t11,1n), L1z = (T12,7n), Lo = (22, 7), (13)
- 0P S o*r - 0P
11 — aw%7 12 — awlana 22 — 871)%’
7= N -|N|~! is unit normal vector. A normal vector N in any point of surface (12) defined by
ik

0%1 0%o Ois

barN = 8’[01 8w1 (9’[01

0%y 0o Ois

8’11)2 8’[1}2 8w2

Now calculating coefficients Li1, Lao and Lo, one can obtain

92a —B2_o Bs dg(w1, wa) 2 20°g(wi, wa)
L11 _ TIUJ% _ Cw1 B, ’szl <B2(32+Bl)g(w17wQ)_BQBlwl8101+Blw1au)% 3
92a _By By g Jg(wy, ws) 2 20%g(wr, ws)
Loy = ol = Cwy " wy <B3(B3—Bl)g(wl,w2)+B3Blw2an+Blw28w§ ’
2 _B2_y Bz 4 dg(w1, ws)
Lip=—29% — _cw B wP (BB — B3Biwy —
2= G wy W,y < 2Bsg(wy, w2) — By Biwn Owy +
2
By By, 9L 2) e OPg(wnwa) )
8w2 6’11)1102

V|1
where C' = 2—(j101+j202)&
BY
It follows from condition 1 that at least one of numbers By B3, Ba(B2+ By) and Bs(Bs — By)

is not equal to zero. Therefore, at least one of coefficients Ly1, L12 and Loy is non-zero at each
regular point of surfaces (12) in a small neighbourhood of the origin for sufficiently large jo.

Consequently, singular surfaces (12) as well as singular surfaces given by (3) have at least one
non vanishing principal curvature at each regular point of these surfaces.

Thus, making similar arguments under conditions 2 or 3, one can show that in a small
neighbourhood of the origin of R% at least one of the principal curvatures of singular surfaces
(3) is non-zero. Therefore, in view of Theorem 1 maximal operator MY f is bounded on L?(R3)
for p > 2. This completes the proof of Theorem 2.

Let us now consider some corollaries in connection with Theorem 2.
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Corollary 1. Let {g(u1,u2)}3_, be real analytic functions defined in a small neighbourhood of
the origin of coordinate system of R? and satisfy the following conditions: gi(0,0) # 0. Then
under assumptions of Theorem 2 its assertions are true.

Corollary 2. If conditions 1-3 of Theorem 2 are replaced with the relations

1. By #0,A7 e # (1,007, AT'e # (0,1)7, A7'e # (0,0)7;

2. By #£0,A5%a # (1,007, Ay'a # (0,1)T, Ayta # (0,0)7;

3. B3 #0,A30 # (1,007, A0 # (0,1)7, A3'b # (0,0)7,

respectively, and other conditions are satisfied then assertions of Theorem 2 hold true. Here
Ay, Ay, Az are matrices of By, Bo, Bs, respectively, and @ = (a1, a2)T, b= (by,b2)T, ¢ = (c1,¢2)T.
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MakcuMmaJibHbI€ OIlepaToOpbl, CBI3aHHBbIE C CUHTYJISIPHBIMU
MMOBEPXHOCTAMMU

Canum . YcmaHOB

CamapkaHICKHUil rocynapcTBennbiit yuusepcuter uM. 111, Pamumosa
Camapxkanj, ¥Y3bekucran

Mezxnynaponusrit yausepcurer Kume B Tamkernte

Tamkent, Y30ekucran

Ncmana DKUHI>KUOTITY

CraM0Oynbckuil yausepcurer Menenuer

Crambyn, Typuust

Amnnoranusi. Cratbst aHaJIU3UPyeT MAaKCHUMAJIbHBIE OITEPATOPHI, ACCOIMMUPOBAHHBIE C KJIACCOM CHHIY-
JIAPHBIX ITapaMeTPU30BaHHBIX ITOBEPXHOCTEN B ]RS, IIOKa3blBasd OIPAHUYEHHOCTh TAKUX OIIEPATOPOB B
npocrpancTee JleGera LP mpu p > 2. TakKe J0Ka3aHO, YTO XOTsI Obl OJ[HA M3 TJVIABHBIX KPUBU3H HE
obpaIraeTcst B HyJIb B KaXKJ0M PEryJIIpPHON TOYKE STUX MOBEPXHOCTEI.

KuroueBrle ciioBa: MakCHMaJIbHBIN OIEPATOD, OIEPATOD YCPEIHEHUs, IPOOHO-CTENEHHON PsJl, CHHIY-

JIdpHasd IIOBEPXHOCTD, I'NIaBHbIE€ KPUBU3HDBI.
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